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Abstract We consider integer-restricted optimal control of systems governed by ab-
stract semilinear evolution equations. This includes the problem of optimal control
design for certain distributed parameter systems endowed with multiple actuators,
where the task is to minimize costs associated with the dynamics of the system
by choosing, for each instant in time, one of the actuators together with ordinary
controls. We consider relaxation techniques that are already used successfully for
mixed-integer optimal control of ordinary differential equations. Our analysis yields
sufficient conditions such that the optimal value and the optimal state of the relaxed
problem can be approximated with arbitrary precision by a control satisfying the inte-
ger restrictions. The results are obtained by semigroup theory methods. The approach
is constructive and gives rise to a numerical method. We supplement the analysis with
numerical experiments.

Keywords Optimal control - Abstract evolution systems - Partial differential
equations - Integerprogramming - Relaxation methods
1 Introduction and problem formulation

The factoring of decision processes interacting with continuous evolution plays an
important role in model-based optimization for many applications. For example,
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when optimally controlling chemical processes there are often both continuous deci-
sions such as inlet and outlet flows, as well as discrete decisions, such as the operation
of on—off valves and pumps that may redirect flows within the reactor, [14, 21]. Such
mixed-integer optimal control problems are therefore studied in different communi-
ties with different approaches. Most of these approaches address problems that are
governed by systems of ordinary differential equations in Euclidean spaces, see [22]
for a survey on this topic.

Total discretization of the underlying system obviously leads to typically large
mixed-integer nonlinear programs. Hence, relaxation techniques have become an in-
tegral part of efficient mixed-integer optimal control algorithms, either in the context
of branch-and-bound type methods or, more directly, by means of nonlinear optimal
control methods combined with suitable rounding strategies. An important result is
that the solution of the relaxed problem can be approximated with arbitrary precision
by a solution fulfilling the integer requirements [23].

In this paper, we extend such relaxation techniques to problems that are gov-
erned by certain systems of partial differential equations. Motivating applications
are for example to switch between reductive and oxidative conditions in order to
maximize the performance in a monolithic catalyst [27], port switching in chromato-
graphic separation processes [5, 14], or to optimize switching control within pho-
tochemical reactions [26]. Our problem setting also includes the switching control
design in the sense that systems are equipped with multiple actuators and the opti-
mizer has to choose one of these together with ordinary controls for each instant in
time.

Concerning systems involving partial differential equations, such switching con-
trol design has already been studied using several techniques: In [18, Chap. 8] opti-
mal switching controls are constructed for systems governed by abstract semilinear
evolution equations by combining ideas from dynamic programming and approxima-
tions of the value function using viscosity solutions of the Hamilton-Jacobi-Bellman
equations. Switching boundary control for linear transport equations using switching
time sensitivities has been studied in [9]. Exemplary for the heat equation and based
on variational methods, the controllability in case of switching among several actua-
tors has been considered in [29] and null-controllability for the one-dimensional wave
equation with switching boundary control has been considered in [7]. Based on linear
quadratic regulator optimal control techniques and enumeration of the integer values
for a fixed time discretization, optimal switching control of abstract linear systems
has been considered in [13].

Our approach is complementary to the above, as we break the computationally
very expensive combinatorial complexity of the problem by relaxation. This comes at
the downside of providing only a suboptimal solution and possibly at the price of fast
switching but, as we will see, with arbitrary small integer-optimality gap, depending
on discretization, and extensions to limit the number of switching.

We will be concerned with the following problem of mixed-integer optimal con-
trol: Minimize a cost functional

t
J=¢(Z(lf))+/() ¥ (2(), u()dt )
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over trajectories z € X (0.6,1 C {z:10,2r] — X} and control functions u € U[o,t_,-] C
{u:[0,t7] > U}andv e V[o,,f] C{v:[0,2r] — V} subject to the constraints that z
is a mild solution of the operator differential equation

() = Az(t) + f(r,2(0), u@®), v()), 1€ (0,1f]

@)
z0)=z0€ X
and that the control functions satisfy
u)eUya CU, v()eVuaCV, tel0,tf] 3)

where X, U and V are Banach spaces, Xo,¢,1, Ujo,;] and Vjo,;,] are normed linear
spaces, A : D(A) — X is the infinitesimal generator of a strongly continuous semi-
group {T'(t)};>0 on X, t7 > 0 is a fixed real number, f :[0,7/] x X x U x V — X,
¢: X —Rand ¥ : X x U — R are given functions, Uy,q is some subset of U and
Vad 18 a finite subset of V. This setting is for the most part classical, except for the
assumptions on Vq.

We will refer to the above infinite-dimensional dynamic optimization problem as
mixed-integer optimal control problem, short (MIOCP), and to the control function
[u, v] as a mixed-integer control. This accounts for the fact that we do not impose
restrictions on the set Uyq C U while we can always identify the finite set Vog C V of
the feasible control values for v with a finite number of integers

Vaa={v', .. oV = {1, N “)

Moreover, the operator differential equation (2) is an abstract representation of certain
initial-boundary value problems governed by linear and semilinear partial differential
equations, see, e.g., [20].

The existence of an optimal solution of the problem (MIOCP) depends, inter alia,
on the spaces X[o,,f], U[o,,f] and V[o,,f] where we seek z: [0,77] — X, u:[0,17] —
U and v :[0,7¢] — V, respectively. Common choices are, for Uy, the spaces of
square integrable (L?), piecewise k-times differentiable (C{;W) or (piecewise) k-times
weakly differentiable (Hrfw) functions u : [0,t¢] — U and, for Vjo, 1> the spaces of
essentially bounded (L°°) or piecewise constant (PC) functions v : [0, ¢7] — V. We
defer these considerations by assuming later that there exists an optimal solution of
a related (to a certain extent convexified and relaxed) optimal control problem and
present sufficient conditions guaranteeing that the solution of the relaxed problem
can be approximated with arbitrary precision by a solution satisfying the integer re-
strictions. We do only assume that X[o,,f] Cc C(0,tr]; X), U[o,,f] c LYo, tr; U) and
Vio.r 1C L (0, 17; V) to ensure that certain quantities in problem (MIOCP) are well-
defined.

This relaxation method becomes most easily evident from writing problem
(MIOCP) using a differential inclusion, that is, minimize (1) subject to the constraints
that z is a solution of

(1) € Azt) + { f(t. 2@), u(@®),v') 10 € Vaa}, 1€ (0,14]
2(0) = zp.

&)
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and u satisfies
u(t) € U, tel0,1r].

It is well known that, under certain technical assumptions, the solution set of (5) is
dense in the solution set of the convexified differential inclusion

2(t) € Az(t) + o f (1, 2(0), u(t),v') :v' € Vaa}, 1€ (0,1/]
2(0) = zo,

(6)

where co denotes the closure of the convex hull. This is proved in [6] for the case
when X is a separable Banach space and in [2] for non-separable Banach spaces.
While these results rely on powerful selection theorems, our main contribution is a
constructive proof based on discretization, giving rise to a numerical method at the
prize of additional regularity assumptions.

We will see that the advantage of such a relaxation method is that the convexified
problem, using a particular representation of (6), falls into the class of optimal control
problems with partial differential equations without integer-restrictions. The already
known theory, in particular concerning existence, uniqueness and regularity of opti-
mal solutions as well as numerical considerations such as sensitivities, error analysis
for finite element approximations, etc., can thus be carried over to the mixed-integer
problem under consideration here. We also discuss the possibility to include state-
constraints for example enforcing time-periodicity constraints

z(ty) = 2(0), (N

as occurring in chromatographic separation processes [5, 14]. The disadvantage of
this approach is that we target at a solution that is only suboptimal (though with arbi-
trary precision) and that switching costs, a standard regularization of mixed-integer
problems to prevent chattering solutions, or additional combinatorial constraints can
lead to larger optimality/feasibility gaps. Nevertheless, we will show how a-priori
bounds for such a gap can be obtained when constraints on the number of switches
are incorporated.

The framework we use for the analysis here will be semigroup theory. Recall that
for given zg € X and given control functions u, v, the mild solution of the state equa-
tion (2) is given by a function z € C(0, #7; X) satisfying the variation of constants
formula

t
Z(t):T(t)Zo+f T(t—s)f(s,z(s),u(s),v(s))ds, O0<t=ty 8)
0

in the Lebesgue-Bochner sense. This abstract setting covers in particular the usual
setup for weak solutions of linear parabolic partial differential equations with dis-
tributed control on reflexive Banach spaces where A arises from a time-invariant
variational problem, see [1, Sect. 1.3].

We include in our analysis explicitly the possibility to approximate the state equa-
tion (2) and say that Z € X|o ; /1 is an g-accurate solution of (2) if z is the mild solution
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and |Z(t) — z()||x <& forall t € [0, 7]. Accordingly, we define for a given € > 0
the set of ¢-admissible solutions for (MIOCP) as

Ee == {(u,v,2) € Ujo,1;) X Vio.r,1 X Xjo.1] 1 1, v satisfy (3)

and z = z(u, v) is an g-accurate solution of (2)}. ©)

Further, we denote throughout the paper by lew (0,27; X) the space of X-valued
functions defined on the interval [0, /] and being piecewise once-weakly differ-
entiable with a piecewise defined weak derivative that is square-integrable in the
Lebesgue-Bochner sense. Consistently, we denote by Cgevﬁ (0,27; X) the space of
X-valued functions defined on the interval [0, 7] being piecewise Holder-continuous
with a Holder-constant . In both constructions, piecewise means that there exists a
finite partition of the interval [0, ¢ ]

0=T0<‘[1<‘L'2<~--<‘Eth <rK,f+1:tf (10)

so that the function has the respective regularity on all intervals [t, Tx+1), kK =
Q, .+, K;;. We denote by || - [[x the norm on X and by [ - ||z (x) the operator norm
induced by || - || x. Further, we denote by || - ||U[0',f] and || - ”V[Ov’f] the norm of Uo,is]

and Vio 1,1, respectively. For simplicity of notation, we also define 7'(—r) = Id for all
t > 0, Id denoting the identity on X.

The paper is organized as follows. In Sect. 2, we present details of the relax-
ation method and the main results concerning estimates of the approximation error.
In Sect. 3, we discuss extensions of the method to incorporate certain combinatorial
constraints. In Sect. 4, we discuss applications for linear and semilinear equations
and present numerical results for the heat equation with spatial scheduling of differ-
ent actuators and a semilinear reaction-diffusion system with an on-off type control.
In Sect. 5, we conclude with some additional remarks and point out open problems.

2 Relaxation method

Consider the following problem involving a particular representation of the convexi-
fied differential inclusion (6)

.
minimize J:qb(y(tf))—f-/jlﬁ(y(t),a)(t))dt st (11a)
[@,0,Y1€U10,1 ;1% Vi0,1 11X X[0.1 4] 0
N .
YO = Ay + Y i) f(t, (1), 0),0), 1€, 17] (11b)
i=1
y(0) =yo:=z0 (11c)
w(t) € U, t€[0,1f] (11d)
at) = (a1(1),...,an(®) €[0,11Y, 1€[0,/] (1le)
N
Y ainy=1, tel0.t7], (1)
i=1
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202 F.M. Hante, S. Sager

Algorithm 1 Relaxation method

1: Choose a time discretization grid G° = {0 = tg < t? << tr?o =1y}, asequence
of non-negative accuracies {sk }ken and some termination tolerance € > 0. Set
k=0.
2: LOOP
3. Find an e¥-accurate optimal solution [a)k,oek , yk] of the relaxed problem
(lla) (11f) and set JX, := J (F, ok, y5).

4 Ifafe PC(O tr; {0, l}N) and € < g, then set v¥(r) = Zl 1ozk(t)v and
ZX(t) = y*(t) for t € [0, ¢¢] and STOP.

5 Using gk and o, define a piecewise constant function ,Bk = (ﬂi‘, e, /65(\/) :
[0,17]— {0, 1} by

By =pf;, telthtf,), i=1,... N, j=0,...n"=1 (A}
where foralli=1,...,N, j=0,...,n* -1

1 if(p{.jjzﬁ;jj Vie{l,...,N}\{i}) and

Pk = (i <IVIe{l, ... N)\{i}: pb, =)
0 else (A2)
o il
N J+
pl’."j=/0 af(ydt =Y pf(tf, —1f).
1=0

6 Setuk(t) = * (1), V(1) = Z, | BE@)! fort €10, t7] and J* = ¢ (2 (7)) +
féf W(zk (1), ok (1)) dt where zF is an X-accurate solution of

N
(0= Az + Y B f(t20).0f0).07), 1€0.17], 2(0)=20.

i=1

(A3)
7. If |JA — J¥| < £ and €* < £ then STOP.
8:  Choose Gk+1 = {0 k+1 < t{c‘H S < tk,::11 =17} such that Gk c gkt and
setk=k+1.
9: END LOOP

10: Set u*(t) = ¥ (1), v*(t) = v¥(r) and z*(r) = Z*(¢r) for € [0, 1 ].

where we write w, o, y for u, v, z, respectively, to emphasize the relaxation of the

original problem (MIOCP). Here, \7[0,,/] ={a:[0,t7] > RN . ||a||v[0<tf] < 00}.
Observe that the control functions «; take values on the full interval [0, 1], but that

any optimal controls [w*, @*] of (11a)—(11f) yields an optimal mixed-integer control

N
[*, v*] = [w*,Zaf‘vi] (12)
i=1
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of problem (MIOCP) if a*(¢) € {0, l}N for almost every t € (0, t5). However, it is
not very difficult to construct examples where a*(t) € (0, )N for t on some interval
of positive measure. It is only in some special cases where optimality of o*(r) €
[0, 11" implies that o* takes only values on the boundary of its feasible set. For
examples where this property, known as the bang-bang principle, can be verified in
the context of partial differential equations, see [28, Sect. 3.2.4] and the references
therein. Moreover, the relaxed problem (11a)—(11f) can in most applications only be
solved approximately.
Therefore, consider the following hypothesis.

(Hp) Problem (11a)—(11f) has an optimal solution in Ujo 71 % 17[0,, 71X X0,z 1

Under this assumption, we will accept e-accurate optimal solutions of the relaxed
problem (11a)—(11f) and propose in Algorithm 1 an iterative procedure to obtain
from these solutions a mixed-integer control taking values in Uyq x {0, 1}"V. We then
show in Theorem 1 under certain technical assumptions that the optimal value and the
optimal state of problem (11a)—(11f) can be approximated by the proposed procedure
with arbitrary precision. To make our terminology precise, we include the following
definition.

Definition 1 Given some ¢ > 0, we say that [0®, @f, y*] € Upo,1,1 % \7[0,,_/] X X[0,1/]
is an e-accurate optimal solution of (11a)—(11f) if y® is an e-accurate solution of
(11b)—(11c) with w = w® and a = «f, the constraints (11d)—(11f) hold with w = »*
and o = «f and

3 I3 I3 < : f . 1
J(a) oY )_w,a,y s.tl.Igllb)—(llf)J(w’a’ Nte (13)

So any e-accurate optimal solution of the relaxed problem (11a)—(11f) is admissi-
ble with respect to the control constraints on « and w, &-close admissible with respect
to the state variable y and the corresponding value of the cost function is e-close to
the optimal value of problem (11a)-(11f).

Now, consider Algorithm 1 on p. 202 to obtain a mixed-integer control for problem
(MIOCP). The main result is the following.

Theorem 1 Assuming (Hy), let [w*, ™, y*] denote an optimal solution of the relaxed
problem (11a)—(11f) and assume that the following assumptions hold true.

(Hy) The functions ¢, V¥, and f satisfy the Lipschitz-estimates

loO) —d ()| < nllyr — »2lix.
[¥ (1, @1) — ¥ (2, 02)| <E(lly1 — »2llx + o1 — @2llu),

£ (t. y1, 01, 0") = £t 2. 02, 0") |y < L(Iy1 = y2llx + o1 — @2]lv).

forall y1,y2 € X,w1,wp € Upg, t €[0,t7] and i =1, ..., N with positive con-
stants 1, & and L.
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204 F.M. Hante, S. Sager

(Hp) Foralli=1,...,N andt € [0, ] the function
s> Tt =) f (s, ¥ (5), 0*(5),0')

isin lew (0, tf; X) and there exists a positive constant C; such that

<Ci aein0<s<t<ty.
X

|50 =9 7657600700, 09)

LetC=Y1",C;.
(H3) Foralli=1,..., N, there exists a positive constant M; such that

sup || £ (6, y* (@), 0* (@), V") |y < Mi.
1e[0,t¢]

Let M =Y M.
(Hy) The solution [w*, a*, y*] is stable in the sense that there exists a positive con-
stant Cj such that

|o*®) =@y + " @) — e px
<CylJ (0" a*, y(o*, a*)) = J (0,0, y(, )| a.e.in (0,17) (14)

for [w, a] in some neighborhood of [u*, a*] in U[o,zf] X \7[0,,‘”.

Moreover, assume that € — 0 and that the sequence {G¥} in Algorithm 1 is such
that At* — 0 with

Atf = maxk{tl-k—tik ) (15)
Define the constants C1 = (C;(M + D(1 + n + S)e’fML + 1), C, =M +
trCYe'TME | Csi= ( + t7E)C) + t7ECy and Cy := (n + t7£)Ca, where M =
SUD;e[0,7/] T @)l zx) and the constants 1, &, M, C, L and C; are given by hy-

pothesis (H1)—(Ha). Then, [uk, vk, zK defined by Algorithm 1 is in Eu for all
k=0,1,2,... and satisfies the estimates

|y* @) — 0] < Crek + oV = DA, ref0,14], (16)

and
[T (", o, y*) — J (u*, ok, %) < Cae* + Co(N — DAL (17)

In particular, Algorithm 1 terminates in a finite number of steps with an e-feasible
mixed-integer solution [u*, v*, z*] € E; of Problem (MIOCP) satisfying the estimate

|J (0", *, y*) = J(u*, 0", 2")| <e, (18)
where ¢ > 0 is chosen arbitrarily in step 1.
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Before we prove Theorem 1, we first prove a result saying that the deviation of
two mild solutions in X0 ] equipped with the uniform norm can be estimated in
terms of the absolute value of the integrated difference of two linearly entering con-
trol functions. This estimate is non-standard and generalizes the result in [23] to a
Banach space setting, noting that the absolute value of the integrated difference is
not a norm and in particular not comparable to the Vjo,;,j-norm as a natural choice.
This estimate, together with an approximation result for this integrated difference is
the key ingredient in order to prove all a-priori estimates needed for the proof of
Theorem 1.

Lemmal Lete > 0and M = SUD; 0,11 1T )l zcx)- Suppose that [w*, a*, y*] is a
feasible solution of the relaxed problem (112a)—(11f) and assume that the hypotheses
(H1)-(H3) of Theorem 1 hold true. Let B = (B1, ..., Bn) € L*(0,15; [0, 1Y) be
such that

~max  sup
i=1,..., N[e[(),lf]

t
/ af (v) — Bi(v)dr|<e (19)

0

and let 7 be the mild solution of (A3) in Algorithm 1 with ﬂ{‘ =pBi,i=1,...,N,and
oF = w*. Then

|5 @) = 2] < (M +CeMHe, 1 €10, 141, (20)

Proof Fix t € [0,1y] and set, for the sake of brevity, (1) = ly*(t) — z(t)||x and
[, y@) = f@t, y@), w*(t),v"). Recalling (10) and using hypothesis (Hp), let
{to, 71, ... ) Tx+1} be the set of partition points of the functions s
T —s)f'(s, y*(s)) as objects in leW(O,t; X),i=1,...,N, so that 7o = 0 and
Tk +1 = t. From the definition of the mild solutions for (11a)—(11f) and (A3), we
have

8(t) =

N t . )
> [ 1097 6 ) 0) = T =) 52 ds
i=1

X

Adding 0 =T (t —s) f' (s, y*(s))Bi (s) = T (t —s) fi (s, y*(5))B; (s) under the integral,
applying the triangular inequality and rearranging terms this yields

N

JOEDY

i=1

/0 Tt —$)[f (s, 5" () — £ (5.2())]Bi (s) ds

X

K Tk+1 X
> T(t—5)f (s, y*()[ef () — Bi(s)]ds

k=0"Tk

D)

i=1

X
Now using integration by parts in the second part, we obtain

N

s <y

i=1

/0 T( = )[f (5. 5°6)) = f (5. 2())]8: (5) ds

X
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206 F.M. Hante, S. Sager

N

2

i=1

K

. Tk+1
D (T =) f (et Y (s)) /0 af(s) — Bi(s)ds

k=0

. Tk
— T —w) f (w y*(fk))/o ai (s) = Bi(s)ds

T+l . s
—/ g(T(t—s)fl(s,y*(s)))/0 af () — Bi (9) dV ds)

k

X

Then by rearranging terms, noting that the appearing telescopic sum evaluates as

K . Tk+1
Z(T(t — T D) S (Tt 1 y*(fk+1))/ of (s) — Bi(s)ds

k=0 0

. Tk
—T@—u)f (. y*(tk))/o af (s) — Bi(s)ds)
. t
— Fi(t ") fo ol (s) — Bi(s) ds

because of 10 =0, tx4+1 =1t, T(t —t) =1d and foooz;“(ﬁ) — Bi(¥)dv =0, and by
applying the triangular inequality this estimate simplifies to

N t . '
50 = 3 [ 17C =9 i L (557 ) = o2 |10 s
i=1

N
+ 1Ay @)« ds
i=1

t
f ai (s) = Bi(s)
0

d .
g(T(t —9) (s, y*(9)))

N ot
+Z/
i=1v0

Then, by definition of 8, f i and the constant M, the definition of the constants L,
C and M in hypotheses (H;)—(H3), assumption (19) and the fact that 8;(¢) < 1, this
yields

/Saf(ﬁ) — Bi(®)dv|ds.
0

X

t
8@r) < ML/ 8(s)ds + Mg + Cte.
0

Finally, using the Gronwall lemma and rearranging terms, we obtain the desired esti-
mate

5(t) < (M + CryeMt)e. O

Next, we recall from [23] the following result on integral approximations.

Lemma 2 Let o = (a1, ...,ay) : [0,77] — [0, 11V be a measurable function sat-
isfying ZZN=1 a;(t) =1 for all t € [0,tf]. Define a piecewise constant function
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Relaxation methods for mixed-integer optimal control of PDEs 207

B 10,171 = {0, 3N by
Bi(t)=pij, teltj,tiy1), i=1,...,N, j=0,....,n—1 (21)

where foralli =1,...,N, j=0,...,n—1, p; ; is defined by (A3) in Algorithm 1
with P,]'{,j = pi,j. Then it holds for At =max;—y . .{t; —ti—1}

.....

1. max;—; N |f(§ a;i(t) — Bi(t)dr| < (N — 1)At forall t € [0, 7],

.....

2. YN Bi(y=1forall 1t €[0,17].
Proof See Theorem 5 of [23]. Il
With the above two results we are now in the position to prove Theorem 1.

Proof of Theorem 1 Let the assumptions of Theorem 1 hold true. First we show
that the sequence [u*, v¥, z¥] obtained by Algorithm 1 is ¢X-feasible for the problem
(MIOCP). We have u* = of € U,q for all k by construction of o in step 3, vk (1) =
Zf\’:l ,Bf (O, 1 €0, tr], by construction in step 6 so vk(t) € Vad, t €[0,15], because
ﬂik (t) € {0, 1} forall i, k and € [0, 77] as seen from (A;) and (Az). By construction
in step 6, z* is an eX-accurate solution of (A3). Thus, recalling (9), [u*, v¥, z¥] € &

forallk=0,1,2,....

Next, we show (16). To this end, let y(-; o, BX), z(-; *, BX) = y(-; 0*, B¥) and
y(; o*, o%) denote the mild solutions of (11b), (11¢) with the respective controls.
The stability assumption (H4) and the continuity assumption (Hj) implies that

e @) = " )| + |* ) = & O],
< C)lJ (0 o 30" 0")) - I (o ok y(aF b))
< Cr ([ (", a* y(o", a*)) = J (o, o, y¥)|
+ |J(a)k, otk, yk) — J(a)k, ak, y(a)k, otk))|)
< Cy(e +[8(y @) = d(v(tr: . 0h))|
iy
+/0 [y (v (). " (@) = 9 (y(1: &F. &), (1)) | dt)

<Cy(1+n+1s8)sk (22)

for a.e. t € (0,7y), where we added 0 = —J(a)k,ozk, yk) + J(a)k, ok, yk), used the
triangular inequality and that [wF, ok, yk] is an g-accurate optimal solution of (11a)—
(11f). Moreover, by fixing ¢ € [0,7/], adding 0 = —y(t; ¥, BX) + y(t; &5, BY),
0= —z(t; 0*, BY + y(t; 0*, %) and 0 = —y(1; 0*, &) + y(1; ®*, &*) and using the
triangular inequality, we see that

|25 =y )|y < 81() + 82(8) + 83(2) + 84(1) (23)
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with

s1() =) —y(t " BY) | 820 =|y(n ok, BY) —z(ri 0", BY) |

530 = [z(r 0% B) — vt )|y s =|y(n e o) -y O] .

Observe that 81(r) < &¥, because zX is an eX-accurate solution of (Az) and thus of

(11b), (11c) with controls o, aX. By definition of the mild solution and using (Hy),
we have

N l‘ .
202 3 [T =9 o I8 N6 04 ). 0¥ 00.01)
i=1

= f(s.2(s: 0% ). 0" (5).0")) | ds

t
< ML/ 82(s) + |t (s) — w*(9) |, ds. (24)
0
Using (22), the Gronwall inequality implies that

82(1) < Cy(1 +n + &)eMLigk, (25)

From Lemma 2 with @ = o, g = ¥ and Ar = ArF with Ar¥ from (15), we get that

max
i=l1,..,

t
/af(z)—ﬁf(r)dr <(N-DA, 10,141 (26)
0

Moreover, Lemma 1 used with y* = y(:;0*, b)), o* = aF, g = ¥ and ¢ =
(N — I)Atk implies that

55(0) = || 2(t; 0%, B¥) — y(1: 0", &¥) ||, < (M + CHEMENN = DAk, 27)

Again by definition of the mild solution we have
84(t) < Z/O |- s)||£(X) |k (s) £ (s, ¥ (s, 0%, &¥), 0*(s5), v')
i=1

—ot;"(s)f(s,y(s;a)*,ot*),a)*(s),vi)||xds. (28)

Adding 0 = o (s)(—f (s, y(s: 0", @®), 0*(5),v) + f(s,y(s: 0", &%), w*(5),v"))
under the integral, we obtain

N t .
84(t) < MZ/O Hal{‘(s)[f(s, y(s; o, ak), w*(s), v’)
i=1

— f (s, y(s. 0, %), 0* (), V') ]
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+ [af(s) - (x;k(s)]f(s, y(s; w*, a*), w*(s), vi) ||X ds
_ t
< ML/ 84(s) + Mok (s) — o (5)| ds. (29)
0
Using again (22) and the Gronwall inequality we obtain that

84(t) < MCy(1+n + £)eMLi gk, (30)

Thus, summing up the estimates for 81 (¢), ..., 84(¢) and rearranging terms we obtain
from (23) that for all r € [0, 7]

|25 = y* @) = C1e* + (N — DAL (31)

with C; = (C; (M +1)(1+n+&)e'"™L 4 1) and Cy = (M +17C)e' ML _This proves
(16).
By definition of the cost function (1) we get from the triangular inequality that

[T (w*, a*, y*) = J (u*, o5, 25|
<|o(r*®) —o(*®)|
tf
+ /0 [y (y* (), 0* () — ¥ (2 (1), " (1)) | dit (32)

so that using hypothesis (Hj), (22) and (31) we obtain
[T (w*, a*, y*) = J (u, 05, 2)| < Cae* + Ca(N — DAL (33)

with the constants C3 = (n+17§)C1 +1£ECy and C4 = (n+17&)C(¢¢). This proves
7).

Next, suppose that the main loop in Algorithm 1 terminates in step 4 or in step 7.
In the first case, the termination criterion implies that

|J(u*,v*,z*)—J(a)*,a*,y*)| — |J(a)k,otk,yk)—J(w*,a*,y*)| SEkSE‘ (34)

for some k, because J (0¥, a¥, z¥) is an e-accurate optimal solution of (11a)—(11f).

Similarly, in the second case the termination criterion implies that
|J(Lt*, U*,Z*) _ J(a)*,oz*, y*)|
< ‘J(M*, U*,Z*) _ J((I)k,ak, yk)’ + ’J((l)k,ak, yk) _ J(a)*,a*,y*)|

rel

& &
S\Jk—Jk|+8k§§+§§8 35)

for some k. This proves (18) under the assumption that Algorithm 1 terminates.
Finally suppose that Algorithm 1 loops infinitely many times, that is,

forallk=0,1,2,... (36)

|Jr];1—./k| >§ or &>

N ™
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By adding 0 = —y*(¢) 4+ y*(¢) and using that y* is an &k

we obtain from (31) that

-accurate optimal solution,

250 =Y O = |20 =y O | + [y O =y O &
< C1e* + Co(N — DA + &F, (37)

Using that e — 0 and A — 0 as k — oo by assumption, we see from (37) that
SUP; (0,11 lz¥@t) — yK(0)|lx — 0 as k — oo. By definition of Jrlél and J¥ and using
the triangular inequality we have

[ = I = [T (@, o y0) = I (o 85, 29 < [0 (V1)) = 9 (1)
Iy
+A|Mﬁmw%»—wﬁmw%mm, (38)

so that SUP;c(0,1/] Iz (t) — y*(1)||x — 0 as k — oo implies by continuity of ¢ and

Y that also |Jrkel — J¥| = 0 as k — oo. Together with the assumption that ¥ — 0 as
k — oo this contradicts (36) and completes the proof. 0

Theorem 1 can be seen as a performance analysis of the relaxation method pro-
posed in Algorithm 1. The estimates (16) and (17) prove a bilinear dependency of the
mixed-integer control approximation error for the differential state and the optimal
value in terms of the chosen maximal integer-control discretization mesh size Az*
and accuracy €X. This relates to the convergence speed of Algorithm 1 in terms of the
chosen refinements for A% and &*. Note that the estimates (16) and (17) suggest to
choose At* and &* of the same order. On the other hand, Theorem 1 can be regarded
as an existence result of suboptimal solutions for (MIOCP). To emphasize this, we
formulate the precise statement explicitly.

Corollary 1 Under the hypothesis (Hy)—(Hz3) there exists for every € > 0 a feasible
solution (u®,vé,z%) € Uto.t;1 % Vio,i;1 % X[0,¢,) of problem (MIOCP) satisfying

J(®, v, 2°) < J (0", a*, y*) + &, (39
where (0*, o™, y*) is the optimal solution of the relaxed problem (11a)—(11f).

Proof Apply Theorem 1 with ¢¥ = 0 for all k. Then, (o*, a¥, y*) = (0*, a*, y*) and
it can be seen from proof of Theorem 1 that (Hy4) is then not needed for the estimate
(17). Moreover, & is contained in the feasible set of problem (11a)—(11f) and thus
J(w*, a*, y*) < J(u, v, z) for all (u, v, z) € Ey. Thus, (39) follows from (18). O

Hypothesis (Hp) can be checked by classical arguments, cf., e.g., [28]. Hypoth-
esis (Hj)—(H3) are needed to estimate the proximity of mixed-integer solutions of
(MIOCP) to the optimal solution of the relaxed problem (11a)—(11f) while hypoth-
esis (H4) guarantees in a sense the proximity of the e-accurate optimal solutions of
(11a)—(11f) to the optimal ones. Hypothesis (H;) and (H3) are standard assumptions
and can be weakened to appropriate ‘local’ versions using standard arguments. This
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can also tighten the estimates in Theorem 1. The last conclusion of Theorem 1 con-
cerning the termination of Algorithm 1 and Corollary 1 even hold for the functions ¢
and ¥ just continuous as it can be seen from the respective proofs. Hypothesis (Hs)
can be verified for problems that are well-posed in the Tikhonov sense, cf. the dis-
cussion in [15, Sect. 4]. For sufficiently regularized parabolic problems it could also
be checked using methods as in [19]. Alternatively, instead of invoking Theorem 1,
Corollary 1 or a weaker conclusion presented in Proposition 2 below may be used
where (Hy) is not needed.

Hypothesis (H») of Theorem 1 clearly imposes certain regularity assumptions on
the linear operator A generating the semigroup {7 (¢)};>0, the function f, but also on
the time regularities of the optimal control functions of the relaxed problem (11a)-
(11f) in Ulo,17] and V[o,,_f]. The main difficulty with proving (H;) is that y* as a solu-
tion of (8) with A unbounded may only be continuous and not absolutely continuous
in time, hence not necessarily differentiable almost everywhere as this is always true
when A =0 (with T (-) =Id) and X is a finite dimensional space. This can be delicate
in particular for nonlinear systems. We will therefore exemplary discuss hypothesis
(H») in Example 2 below for the case of a semilinear system where A is the generator
of an analytic semigroup. A more general analysis is possible for linear systems

() =Az(t) + f(r,u@®),v(®), z2(0)=2z0 (40)

when f is sufficiently smooth. We formulate this as an auxiliary result.

Proposition 1 Consider the problem (MIOCP) with equation (2) replaced by

equation (40), let M = SUD;e[0,¢] IT @l cx)y and suppose that the functions
gi :[0,27] — X defined by gi(t) = (¢, w* @), vi),i=1,...,N, satisfy the follow-

ing conditions.

1) gi(t) € D(A) for a.e. t € [0, ty] and there exists constants L' such that
eSS SUP; (o1 ||Agi ) ||X <L

(i) gi is differentiable for a.e. t € [0, t¢] and there exist constants C! such that

<Ch

€SS Supte[o,,/]
’ X

d ()
dtg

Then hypothesis (Hy) of Theorem 1 holds with C; := M(C' + LY.
Proof From condition (i) we get from the chain rule that

d d
—T(t—s5)gt)=T(t—s5)——g() —T(t—s)Ag()
ds ds

foralli =1,..., N and thus, by taking the norm, applying the triangular inequality
and using the definition of the constants in (i) and (ii) we obtain

< W(C'+ L),

dT * i
H% (t—s)f(s,w (s),v) . 0
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The conditions (i) and (ii) are a natural extension of the differentiability assump-
tions imposed in [23, Corollary 6] for the case when A =0 and X = R". In Sect. 4,
we will use such arguments in order to verify hypothesis (H,) in Example 1.

We note that the relaxation method works under much weaker assumptions with
slightly weaker conclusions. Suppose that we replace the main hypothesis (Hg) by
the following much weaker hypothesis.

(H6) Problem (11a)—(11f) has a feasible solution in U[o,zf] X V[o’,f] X X[o’,f].

Then, we still get the following result, being useful in particular in many practical ap-
plications when the solutions [w¥, ¥, y¥] found in step 3 only satisfy, for example,
necessary optimality conditions (up to an accuracy of £X). The following conclu-
sion can then still be very useful in order to provide bounds for the mixed-integer
problem (MIOCP) and we will take advantage of this when discussing the examples
in Sect. 4. Nevertheless, an approximation of a globally optimal solution of problem
(MIOCP) can of course only be obtained when the relaxed problem in step 3 is solved
to £k-global optimality.

Proposition 2 Under the hypothesis (Hy), consider Algorithm 1 where we replace
step 3 by

3’ Select some [, o, yk] such that o* and o is feasible for problem (11a)—(11f)
and y* is an e*-accurate solution of (11b), (11c).

Assume hypothesis (H1) and that the hypothesis (Hy) and (H3) hold with ™ = o and
vy =y(; a)k,ak) with constants C* and M* forallk=0,1,2,...and y(; ok, ozk)
being the mild solution of (11b), (11¢). Further assume that, as in Theorem 1, ek =0
and that the sequence {g"}k is such that Atk — 0. Define the constants C; = 2,
Ch = ((M* +1,C)e'r ML), C3 = (n +17£)Cy and Ck = (n + 176)CE, where M =
SUD;e[0,7/] T (@)l cx) and the constants n, & and L are given by hypothesis (Hy).

Then, [uk, vk, zk] defined by Algorithm 1 is in E forall k =0, 1,2, ... and satisfies
the estimates

I¥5@) = @]y < Cre* + 5N — DAk, rel0,1f], (41)
and
|J (", o*, y5) — T (¥, 0F, 24)| < C3e* + Ch (v — DALk 42)

In particular, if M* and C* can be chosen independently of k, then Algorithm 1
terminates in a finite number of steps k with an e-feasible mixed-integer solution
[u*, v*, z*] € E¢ of Problem (MIOCP) satisfying the estimate

[T (@, 0, y) = T (u*, 0%, 2%)| <, 43)
where ¢ > 0 was chosen arbitrarily in step 1.

Proof Let the assumptions of Proposition 2 hold true. First observe that the sequence
[u*, v, zF] obtained by Algorithm 1 with step 3 replaced by 3’ is e¥-feasible for the
problem (MIOCP) by the same arguments as in the proof of Theorem 1.
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To show (41) and (42), let y(:; o, ) denote the mild solution of (11b), (11c)
and z(-; u*, ,Bk) be the mild solution of (A3z) with the respective controls. Then,

IyE@) =@y < [v(1: oF ab) —z(t;u%, BY) || +265, rel0.t] (44

because yk and z¥ are both e¥-accurate solutions of (11b), (11c) and (A3z), respec-
tively. From Lemma 2 with o = ok, B = ,Bk, and At = Ar* with ArF from (15), we
get that

max
i=l1,..,

t
/af(z)—ﬁf(r)dr <(N—-DA, 10,171 (45)
0

Moreover, under hypothesis (Hj) and the assumption that the hypothesis (H,) and
(H3) hold with w* = w* and y* = y* with constants C* and M* for all k =
0,1,2,..., we may apply Lemma 1 with y* = y(-;a)k,ak), a* = ak, B = ,3",
o* = o = u* and e = (N — 1) At* and obtain that

|y (s o, o) = 2(1; 4k, BY)|| < ((M* + CF1)e™ MY (N — DA, 1 €00, 141,

This proves (41) with C; =2 and C§ = ((M* + thk)e’fML). Using again the con-
tinuity assumptions of ¢ and ¥ in (Hj), we obtain similarly as in the proof of Theo-
rem 1 that

|J(*, o*, y) = T (k0% )| < Cae® + WV — DAL (46)

C3=Ci(n+17&) and CX = (i +17£)CL. This proves (42).
Finally, when the constants C¥ and M* can be chosen independently of k, e — 0
and Atk — 0, then C f‘f is independent of k£ and we get by similar arguments as in the

proof of Theorem 1 that the iteration terminates after a finite number of steps such
that (43) holds. O

In order to solve the optimal control problem (11a)—(11f) numerically, the prob-
lem may have to be (adaptively) discretized. In particular, direct or indirect numerical
methods may be used. For an introduction to the basic concepts see, e.g., [12]. De-
pending on the method of choice for the time discretization of the control functions
w€Up,janda € Vio. ;1 it may in many cases be advantageous to discretize o* and
o simultaneously using the grid G¥. This is for example implemented in the software
package MS MINTOC designed for solving mixed-integer optimal control problems
with ordinary differential equations [22, 24].

We conclude this section with an interesting remark saying that, in the fashion of
Theorem 1 and Proposition 2, the relaxation method can also deal with state con-
straints.

Remark 1 Suppose that we wish to include a constraint of the form

G(z(1),1) =0, t€[0,1f] (47)
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in the mixed-integer optimal control problem (MIOCP). Including this constraint also
in (11a)—(11f) with z(¢) replaced by y(¢) and assuming that there exists a function
¢ € L™(0, t¢) such that

|G(y1.1) = G2 | <¢Dlly1 — y2llx. yi.y2€X (48)

then (16) yields that
|G (y*(1), 1) — G(F (), 1)| < c()Cre¥ + L () Ca(N — DAL (49)

with C1 and C3 as in Theorem 1. This shows also a bilinear dependency of the integer-
control approximation error for the state constraint violation on Ar¥ and &X. The
conclusion of Proposition 2 can be adapted accordingly.

3 Combinatorial constraints

Suppose we wish to include combinatorial constraints of the form
#i W <KY iel, jelJ (50)

into the mixed-integer optimal control problem (MIOCP) given by (1)—(3), where
#,i ~vj (V) denotes the number of switches of the control function v : [0,77] — Vg
from value v' to value v/, K"/ are given, non-negative constants and I, J C
{1,...,N}.

Note that the relaxation method considered in Sect. 2 typically satisfies

#i i (V) = F00

for some i, j € {1,..., N} as we let ¢ — 0, so eventually violating (50) for small €.
Therefore, along the lines of [25], we propose in Algorithm 2 a modification of Algo-
rithm 1. The min-max problem (As) can be written as a standard mixed-integer linear
problem (MILP) using slack variables and can be computed efficiently [25]. We then
have the following result.

Theorem 2 Suppose that the hypotheses of Theorem 1 hold true and let Cy, Co, C3
and C4 be as in Theorem 1. Then Algorithm 2 terminates for every € > 0 and kmax > 0
after a finite number of steps k < kmax With an € -feasible solution [u*, v*, z*] € Eg«
of problem (MIOCP) satisfying the combinatorial constraints (50) and the estimates

|y*() = 25 (0] y < C16* + Co(Joun (p**) +8), 1 €[0,1f], (51)
and
|J(a)*, o, y*) — J(u*, v*, z*)| < Cze* + C4(Jsub(p’“*) + 8) (52)

Sfor Jgun(p“™) given by Algorithm 2 and some 0 < § < max;—|

.....
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Algorithm 2 Relaxation method with switching constraints
Consider Algorithm 1 where we replace steps 4, 5 and 7 by

4 If ok € PC(O, t; {0, 1Y), (50) holds with v = YN | a¥v’ and &* < ¢, then set
BX(t) = a*(t) and z*(t) = y*(¢) for t € [0, 7] and STOP.

5 Using G¥, define a piecewise constant function g = (,31, .. ,BN) [0,2/] —
{0, 3V by

k
By =p;}, telt), i) (As)

where p * is given by the solution of the min-max problem

,
min J, )= max max ko pk YAk
ok sub (P") i=l,...Nr=l..nk ;(%’l Pra) A
subject to
Z’plr pjr+1 Klj iel, jel (As)

N
prrzl, r:l,...,nk
i=1

pf,ef0. 1}, i=1... N, r=1...1

with Atf =tf, —tf, 1=1,....n% and
k 1 41 k ) k
qi’I:A—tlk a;()dt, i=1,...,N, I=1,...,n". (Ap)

7" I | Jsub (PF*) — Joun (p¥~1%)| < € or k > kmax then STOP.

Proof Algorithm 2 terminates by the criterion in step 7’ after « steps, k¥ < kmax,
with a solution [u*, v*, z*]. We first show that this solution is &“-feasible for the
problem (MIOCP). We have u* = @* € U,q and by definition of «* in step 3,
V(@) = ZlNzl ,Bf(t)vi, t € [0, 7], by definition in step 6, so v*(¢) € Vuq, t € [0, t7],
because ,BZ‘ (t) € {0, 1} forall i, k and ¢ € [0, t¢] as seen from (A4) and the constraints
in (As).By construction in step 6, z is an &“-accurate solution of (A3). Thus, recall-
ing (9), [u*, v*, z*] € E¢«. The constraints in (As) also ensure that the combinatorial
constraints (50) are satisfied.
Next we show (51). Forall k =0, 1, ... the cost function in (50) is defined as

r

Jsub(pk’*) = max max (53)
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By definition of g/, in (A¢) and Bf (¢) in (A4) and rearranging terms, we get

Ir41
Jsub (Pk’*) = max max / O‘zk(l) - ,Bf(t)dt : (54)
i=l1,..., Nr:l,...,nk 0
Using that o (1) € [0, 1] and Bf (1) € {0, 1} for all 1 € [0, 1], this yields
t
Jab(p**) = max  sup / of () = B (D) dt| = b )
i=1,...N 10,1110

.....

of Theorem 1
||zk(t) - y*(t)||X < 81(1) + 82(0) + 83(2) + 34 (2), (56)

with §;(¢), i =1,...,4, as in (15). Moreover, as in the proof of Theorem 1, we see
that 81 (t) < &X, 82(t) < Cy(1 + n+ &)eMLiek and 84(1) < MC;(1 4+ n + £)eMLick,
Using (H;)—(H3), we can apply Lemma 1 with y* = y(:; *, o), a* = of, g = p¥
and & = Joup(p©*) + 8 and get that

83(1) = ||y (1; ", B¥) — y(1; 0%, @MY |, < (M + COYMY (S (PF5) +8). (57)

Summing up the estimates for §1(¢), ..., 84(¢) and rearranging terms, this proves (51)
with the definition of C and C, as in Theorem 1. The estimate (52) then follows
from (51) and the definition of the constants C3 and C4 as in Theorem 1 using the
definition of the cost function J in (1) and the Lipschitz constants  and & from (Hy).
This completes the proof of Theorem 2. g

Remark 2 As already remarked in the case without combinatorial constraints, the
method can also deal with state constraints such as (47). Assuming again existence
of a function ¢ € L*°(0, t7) such that (48) holds true, (51) yields a bounded deviation
of the feasible reference trajectory

|G(y* (1), 1) — G (), 1)| < c()C1e* + £ (O Ca (Jsun (PFF) +8),  (58)

and hence a bound on the worst case constraint violation. Also, the conclusion of
Proposition 2 can be adapted analogously.

4 Examples

In this section we discuss the hypothesis (H;)—(H3) of Theorem 1 exemplary for
a linear and a semilinear control problem where A is the generator of an analytic
semigroup in view of Proposition 2 and present numerical results for a test problem
in each case using the conclusions.
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4.1 A linear parabolic equation with lumped controls

Let £2 be a domain in R” and f; : 2 — R, i =1,..., N, be fixed control profiles.
Consider the internally controlled heat equation

0z "L 9% .
Eu,r)—p;az_(x,r):fm(x)u(z), in Q

(59
z(x,t)=0, onX

72(x,0) =z0(x), in$2

where Q =2 x (0,17), ¥ =082 x (0,17) and p is a positive constant.
Suppose that for some A1 > 0 and A, > 0 the control task is to minimize the cost
function

2 s 2 i 2
J=/ |z(ts, x)| dx—i-M/ / |2, %) dxdt+)\2/ lu@)|"dt  (60)
2 0 2 0

where z is the weak solution of (59) by selecting u : [0,77] — R and a switching
signal o(-) : [0,¢] — {1, ..., N} determining the control profile f; applied at time
tel0,1r].

In order to write the above problem in abstract form (2), we let X = L?(£2),
set V=U=Uyg =R, Vig={1,...,N} and define f :[0,77/] x U xV — X
by f(t.u,v)@) = fo(u, ¢() = llzll%. ¥z u) = alzl§ + A2lul® and define
(A, D(A)) as

D(A) = H*(2) N H}(2)

9%z
(A7) ()= S5, ze D).

j=1 Xj

(61)

It is well-known that (A, D(A)) is the generator of a strongly continuous (ana-
lytic) semigroup of contractions {7'(¢)};>0 on X, see, e.g., [20]. We choose X 0,671 =
C(0,1¢]; X), Ujo,t;1 = PC(0, 155 R) and Vio,r,) = L*(0, 15; R).

Let [0, a*, y¥] be a sequence of feasible solutions of the corresponding re-
laxed problem (11a)—(11f) so that [oX, a¥, y¥] € S for k =0, 1,2, ..., where S is
a bounded subset of X011 X Ujo,1,] X \7[0,, 1 and assume that the fixed control pro-
files f; satisfy

fie D(A) foralli=1,...,N. (62)

We now want to check if the assumptions of Proposition 2 are satisfied. For this,
we can restrict our analysis without loss of generality to S and, using that the func-
tions ¢, ¥ and f are locally Lipschitz continuous and S is bounded, we can see
that hypothesis (H;) holds. Moreover, due to (62) we have that f (¢, ok (1), v) =
fo(X)wk (1) € D(A) and

JAf (1. k@), 0") | 4 < IAfilIx|o ()] < CF (63)
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for some constant C' and due to the choice of Ujo,1;1 we have that f (s, ok (s), v') is
differentiable for a.e. s € [0, 7] and

iwk(s) <L (64)
ds

H %f(s, a)k(s), vi)

d k
= d—fiw G| =<Ifillx
X s X
for some constant L. Noting that (59) and thus also the abstract system is linear, we
may apply Proposition 1 to see that hypothesis (H;) holds for every k =0, 1,2,....
Also, the bound in (H3) holds for all k, observing that

sup_ | (. * @), 0| <N fillx]e* O] <M (65)
iy

te

for some constant M’. Hence, for any such choices [a)k, ozk, yk ], any sequence
ek — 0, Atk — 0 and any ¢ > 0, the relaxation method terminates after finitely many
steps x with an e-feasible solution [u*, v*, z*] of problem (59) satisfying the estimate

|J (0, y*) = J(u*, 0", 2%)| <&, (66)

by Proposition 2. The desired switching structure o : [0,77] — {1, ..., N} is finally
given by o (1) = v*(z).

Example 1 To demonstrate the applicability of the approach, we implemented the
relaxation method for a test problem of the form (59)—(60) with a two-dimensional
rectangular domain §2 and the following parameters.

Let 2 =1[0,L¢] x[0,L¢], p=0.01, Lg =1, Ly =2 and ty = 15 and suppose
that there are given 9 actuator locations x; with the positions given by (§;, ¢x) € £2,
where

Jj+0.005L¢ k+0.005L,
i=Ta Gk = 4
Further suppose that there is a point actuator for each of these locations x; which we
model here by setting f; = B; with

jk=1,2,3. (67)

—(;—0)?

B;(x) = e % (68)

1
\2me
for some small, but fixed € > 0. Note that f o Bi(x)dx =1 and that B;(x) converges

to the Dirac delta function § (x — x;) as € — 0.
As initial data we take

20(€,¢) = 10sin(&)10sin( ) (69)

and as parameters in the cost function we take A1 =2 and Ar = ﬁ

We have chosen these numerical values to match as closely as possible the two-
dimensional example in [13] motivated by thermal manufacturing. The only differ-
ence is that the pointwise actuators § (x — x;) were approximated in [13] by indicator
functions of an epsilon environment while we choose here a smoother approximation
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Table 1 Performance of the relaxation method for Example 1

k Atk JK =Tk &k 0 TE =Tk vk, 2k Error (J2) 7172, — J¥|
0 1.8750 5.634024E+04 1.283813E+05 2.9809

0.9375 4.190360E-+04 7.080185E+04 1.1955
2 0.4688 3.224914E+04 6.175488E-+04 0.9149

in view of (62). Regarding a direct treatment of §(x — x;) as an unbounded con-
trol operator instead of using the bounded approximation (68), see the comments in
Sect. 5.

The solution of the relaxed optimal control problem (11a)—(11f) has been com-
puted numerically. We discretized the state equation (59) in space using a standard
Galerkin approach with triangular elements and linear Ansatz-functions. We elim-
inated one control by setting &;(t) = «;(t), i = 1,..., N — 1, where we then get
any(@)=1-— ZINZ_II @; (1) using the constraint ZlNzl a;j(t)=1,1€[0,17]. This con-
straint is then always fulfilled and the condition oy (¢) € [0, 1], t > 19, is equivalent
to imposing that @; € [0, 1] and ZlN:]l a; — 1 < 0. The resulting semi-discretized
control problem was solved with Bock’s direct multiple shooting method [3, 17] im-
plemented in the software-package MUSCOD-II. The control functions w and & were
chosen as piecewise constant and initialized with w () =0 and &; (¢) = é, tef0,1r],
i=1,...,8.

The computations were made for an unstructured grid with 162 triangular ele-
ments and 8, 16 and 32 equidistant shooting intervals. Time integration was carried
out by a BDF-method and sensitivities were computed using internal numerical dif-
ferentiation. Error estimates for these methods provide an accuracy of some &1 > 0
for the so obtained approximations of the mild solutions.

We implemented Algorithm 1 where we compute in step 3 solutions satisfying
first order necessary conditions with an accuracy of &;. The above discussion of the
abstract example thus applies. In particular, using that 1, > 0, we obtain the existence
of a bounded set S containing the iterates [w, ¥, y*]. We adaptively solved the
relaxed problem on a common control discretization grid G* for u and &. For the
computations, we have chosen &1 = 1.0E—04 and used bisection for refinements of
the control grids G¥ in step 7. Thus, € is given implicitly as a function of &1, &> and
Atk This construction ensures that e — 0 as k — oo.

The performance of the relaxation method is summarized in Table 1. We see that
the relative error of the mixed-integer solution compared with the best found relaxed
solution decreases with the grid refinements in accordance with Proposition 2. The
best found controls and the evolution of the state norm of the corresponding solution
are displayed in Fig. 1. We see the rounding error in form of an overshooting behavior
when comparing the evolution of the L?(£2)-norm of the relaxed and the mixed-
integer solution. This effect decreases with the size of the time discretization step size.
The cost corresponding to the best found solution is 6175. Unfortunately, [13] does
not report the cost of the best found solution, but a cumulative L2(0, 15; LZ(Q))—
norm of 90.27. The cumulative L2(0, 15; L2(§2))-norm of our best found solution is
78.58.
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&y (), vi(),i=1,...,4

Z 1] .

Time t

Ordinary control u*(-)

T 80 T T
| uncontrolled
40 b 70 relaxed 4
mixed-integer ———
60 |
20 + E
50

30
20 F i

20
w0 L | 10

1 1 0

0 3 6
Time t

9 12 15

O | O

3 6 9
Time ¢t

Statenorm evolution ||y(-)| x

3 6 9
Time t

Fig. 1 Numerical results for Example 1. The upper ﬁgures show the best found integer controls vi*(~)

and their relaxation & (-), fro
defined by vg (1) = 1 —

m bottom to top, i =1, .

u*(-) (left) and the evolution of the state norm (right)

4.2 A semilinear reaction-diffusion system

,4 (left)yand i =5, .
Z:—l i *(1),t € [0, 15]. The lower figures show the correspondmg ordinary control

, 8 (right). Control v; () is

Let £2 be a bounded domain in R"” with a smooth boundary I" and consider the

classical Lotka-Volterra

@ Springer

system with diffusion

3 =L 92
%(x, D—diy szl(x, 1) =210x, (a1 — biv(t) — c1z2(x, 1)) in Q
j=1 j
—(x t)—dzz 2 (x t) =z22(x, t)(az—bzv(t)—czzl(x t)) in Q (70)
971
—(x t)_—(x t)=0 onX
z1(x,0)=21,0(x), 22(x,0) =22,0(x)
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with constants a;, b;, ¢;,d; >0,i =1,2,domains Q = £2 x [0,17], X' =1 x[0,17]
and control 0 < v(¢) < 1. System (70) describes the interaction of two populations z|
and z2, both spatially distributed and diffusing in §2. The initial distribution z1,0, 22,0
at t+ = 0 is assumed to be non-negative. The boundary conditions then imply that
the populations z; and z» are confined in §2 for all # > 0. The function v models a
control of the system and we shall investigate to approximate optimal controls v*(¢)
taking values in {0, 1} as to minimize the distance of the population (z1, z2) to its
uncontrolled (v = 0) steady state distribution (z1, z2) given by the constant functions

_ ap _ al
Z1x)=—, ax)=—, xef.
c2 c1
In order to bring the system into abstract form (2), set X = L2(2) x L*(2),
U=Uy={}, V=R, Vog={0, 1}, define the operator A: D(A) — X by

D(A) = {(Zl,zz) € HX(2) x H*(2) : %(x, 1) = %(x,t) =0, on r}

A(ZlaZz)(x)—<d12 2(>, QZ 2(x>) (z1,22) € D(A),

define the non-linear function f: X x U x V=X xV — X by

(@1, 22), v)(x) = 21 (x) (a1 — biv — c122(x)), 22(x) (a2 — b2v — 222(x))

and define the cost functions ¢ and i by
¢((z1,22) =0, ¥ ((z1,22) = fﬂ |21 = 210> + | 22(x) — 2200 * dx. (71)

‘We choose X[o,zf] =C([0,2f]; X) and V[o,,f] =PC(0,1ty; R).

It is well-known, that (A, D(A)) is the generator of an analytic semigroup
on X and that for any non-negative initial data zj9,z1,0 € X, the system (70)
has a non-negative unique mild solution (z1,z2) € C([0,77], X x X) for ev-
ery v € L*(0,¢7; [0, 1]). Moreover, for initial data z10,21,0 € D(A) and v €
Cg\’,vﬂ (0,27; [0, 1]), ¢ > 0, this solution is classical and satisfies

(z1,22) € C([0,1£1; D(A) x D(A)) N H'([0,1/]; X x X). (72)

Existence (local in time) and uniqueness follows from classical theory for semilinear
parabolic equations, see, e.g., [20, Chap. 6]. Global existence results for (70) are
obtained by a-priori bounds on the solution using contracting rectangles [4].

Assume that the initial data satisfies zj,0,z1,0 € D(A) and that [k, yk] is a se-
quence of feasible solutions to the corresponding relaxed problem (11a)-(11f) in
a bounded set S C \7[0,,/] X X0,1,1- We want to discuss again the assumptions of
Proposition 2.

Hypothesis (H;) holds by the same arguments as in the previous example. More-
over, we claim that hypothesis (H>) holds. Let M be the growth bound of {T'(¢)};>0
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on [0, 7¢]. By analyticity of {T'(¢)},>0, we have for every feasible y € X[o,t_,-] that s
almost everywhere in (0, #5),

d T ;
T — ) f(y(s),v')
=—AT({t —$)f(y(), V') + Tt —5) fy(y(s), V') ys(s), (73)

where fy, = % f and y; = 4y Using that y*(s) € D(A) x D(A) for all s € [0, /]
and f: D(A) — D(A), we see that

[ = AT =97 (4@, ) [y < ITC =] o [ArGF@. ) [ = cp - T4
for some constants C ]1” Using that f is a smooth function, we see that

|76 =) /,05 @) <M f65 @) [ E© <67 75

Thus (73) yields the estimate

<ch 4y (76)
X

d ., l.
Hg (t—s)f(y(). ')

for s € [0,17¢] a.e. By well-posedness of the problem (70) for every v € Vjo;,] and
using the boundedness of S, we get an estimate

sup [ f (1, Y5 @0), ')y = M, (77)
te[0,z¢]

for some constants M' verifying hypothesis (H3). Further, using (H;) and the bound-
edness of S, || fy (y*(s), v)||x and ||Af (y*(s), v")||x can be bounded independently
of k. Using the state equation (11b), we get

i@y < 1A Ol + 1@ )y < YOl pay +M T8)

for a.e. s € [0, 7]. So, boundedness of S and the regularity of y in (72) implies that
| yf (s)]lx can be bounded independently of k for a.e. s € [0, 77]. Hence, the constants
C If’i and C§ in (76) can be chosen independently of k and we can conclude from
Proposition 2 that the relaxation methods terminates after « steps with an integer
solution [v*, z*] satisfying the estimate

(e ) = I () <. 79
for any sequences ¥ — 0, Ar¥ — 0 and every & > 0.
Example 2 We applied the relaxation method to a semilinear test problem of the
form (70) again for a two dimensional domain 2 with the following parameters. Let

£2 being a circle with radius 1 centered at (1, 1) and choose aj =ax =c1 =c2 =1,
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Table 2 Performance of the relaxation method for Example 2

k Atmax Rel. Cost Jk, = J (o, y*) TE = J(*, ) Error (J2) 7172, — J¥|
0 2.0000 7.066392E+4-01 8.287875E+01 0.4065
1.0000 5.978818E+01 6.958250E+01 0.1809
2 0.5000 5.892414E+01 5.875641E+4-01 0.0028
Relaxed and integer control Statenorm evolution
T 8 T T T
12 | relaxed i ly1()|lx (relaxed) ----eeeeeee
integer 7 L [ly2(-)|lx (relaxed) i
| lya()llx (integer) ———
i M7 6 | ly2()llx (integer) 4
0.8 | 1 5 F B
0.6 g 4 F g
04 b E 3r ]
2k 4
0.2 | 1 =
1k 4
0 ] -
L L L L 0 I L L L
0 3 6 9 12 15 0 3 6 9 12 15
Time t Time t

Fig. 2 Numerical results for Example 2. The left figure shows the best found relaxed and integer control
a*(+), v*(-) and the right figure shows the corresponding evolutions of the populations y; (-), y»(+)

by = %, by = %, dy = 0.05, dp = 0.01, initial data 21,0, 22,0 € D(A) approximated
by Z1,0(x) = %d% (x=1), 220(x) = f—od% (x — 1), where d (x) given by

_x2

e (80)

1
de(x) Pme
models a population concentrated at the origin. For v(¢) = 0, ¢ > 0, the solution
z1(t, x), z2(t, x) converges asymptotically to a spatially constant and temporarily
non-constant, periodic solution.

The computations for the optimal control are made by the same numerical method
as in the previous example, but using a grid with 258 finite elements. For the perfor-
mance of the relaxation method see Table 2. The best found controls and the evolution
of the state norm of the corresponding solutions are displayed in Fig. 2. Again we see
a decrease of the integer-approximation error in accordance with Proposition 2. The
best found integer control yields a cost of 58.76.

5 Conclusions and open problems

We considered mixed-integer optimal control problems for abstract semilinear evo-
lution equations and obtained conditions guaranteeing that the value function and the

@ Springer



224 F.M. Hante, S. Sager

state of a relaxed optimal control problem can be approximated with arbitrary pre-
cision using a control that satisfies integer restrictions. In particular, our approach is
constructive and gives rise to a numerical method for mixed-integer optimal control
problems with certain partial differential equations. Moreover, we showed how these
conditions imply a-priori estimates on the quality of the solution when combinatorial
constraints are enforced.

We note that we did not discuss convergence of the constructed sequence of integer
controls approximating the optimal value of the relaxed problem. It is not even clear
in which topology such a convergence would be meaningful. Several issues related
to this questions, in particular in a PDE-context, is discussed in [10, 11] and [8].

Compared to the previously available results on mixed-integer optimal control
problems with ordinary differential equations in [23, 24], the setting treated in this
paper involves a differential operator A, taken to be a generator of a strongly continu-
ous semigroup. This requires careful regularity considerations. When A is a Laplace
operator, we showed on a linear and a semilinear example how such regularity as-
sumptions can be met and provided numerical examples demonstrating the practica-
bility of the approach.

It is clear that the methodology considered in this paper generalizes to the case
when the generator A of a strongly continuous semigroup is replaced by a family
{A@)}iep0, 1] of unbounded linear operators generating an evolution operator in the
sense of [16]. On the other hand it is not so clear how to extend the results in case of
unbounded control action, for example, Neumann or Dirichlet boundary control for
the heat equation. Recalling the density of solutions to (5) in the set of solution to
(6) which motivated our approach, we note that the case of unbounded control is not
covered by the available results on operator differential inclusions. While in principle
semigroup techniques can deal with unbounded control operators, see for example
the exposition in [1, Chap. 3], this extension is non-trivial and requires additional
work.
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