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Remarks to revised version

This is a revised version of my master thesis, which was originally handed in on 17th
January 2017. The changes to the original version are:

• Abstract and acknowledgements were added

• Typos were removed

• Minor changes to the thesis layout

• Minor changes to chapters 1, 2, 4 and 5

• Introduction text was added to chapter 3, also small changes in formulations

• Subsection from chapter 6 about numerical methods on a model individual was
removed. This subsection was redundant and did not contribute to the content
of the thesis.
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Abstract

Erythropoiesis is a vital mechanism in mammals, which is responsable for producing
cells for oxygen supply of tissues. In patients with certain diseases, e.g. Polycythemia
vera, this process is disturbed. Individual modeling and simulation of this process
could lead to improved treatment methods in clinical practice.

This thesis addresses the question, whether patient individual modeling and simula-
tion of erythropoiesis is possible. The focus lies on the prediction of red blood cell
volume after a blood donation. For this aim a mathematical model of erythropoiesis
by Fuertinger et al. [FKT+13] is investigated. This age-structured PDE model covers
essential physiological properties and includes newly discovered mechanisms.

For this thesis experimental data was acquired in a clinical study, where the measure-
ment schedule was computed using methods of optimum experimental design. Methods
of parameter estimation were used on certain model parameters to fit the model re-
sponse to the obtained experimental data. Simulation, parameter estimation and opti-
mum experimental design are realised in FEniCS and VPLAN. Mathematical analysis
and redesign of the model structure was performed to fit the limitations of the available
software.

Despite all efforts the parameter estimation using the experimental data was not suc-
cessful. Possible reasons lie in the use of error-prone hematocrit measurements and the
rather complex structure of the used model. The use of more robust measurements
and a model with reduced complexity is advised.
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Patrick Lilienthal 1 Introduction

1 Introduction

During the diagnosis or treatment of diseases medical personnel often has to make dif-
ficult decisions. Those decisions usually are based on the subjective experience of the
treating physician. Here often only a fraction of the availabile data are used. An idea
here is to use methods of scientific computing to evaluate all available data to support
and improve the therapy decisions made by the physician.

For this a mathematical model of the medical process is needed, which is supported
by data obtained in experiments. In the medical context the acquisition of those data
is usually very difficult. In contrast to experiments e.g. in mechanics, in medical
experiments often few measurements over a longer period of time are possible, as mea-
surements in individuals might be invasive and could cause physical discomfort. In
addition, connections between different medical processes are often complicated and
not fully understood. Therefore desired effects are sometimes difficult to observe. Here
the use of an optimal designed experiment could help to improve the quality of the
measurements and to reduce the experimental effort.

Mathematical models on physiological processes are often applicable only to a very
limited group of individuals. The broadening to a larger circle of persons is usually
difficult, as in the same process there might be a big difference between two individuals.

This motivates the question to what extend the calibration of a chosen model for a
medical process to individual experimental data is possible. One focus of this thesis
lies in the investigation of methods for algorithmic parameter estimation and opti-
mum experimental design for this purpose. Here the application of erythropoiesis in
the human body is chosen, which is the production of red blood cells in the human body.

The solution of algorithmic parameter estimation problems and optimum experimen-
tal design problems is often computationally expensive. Therefore a suitable model for
erythropoiesis should cover the desired physiological properties of the process without
having a too complex model structure.

An overview over the physiological background of the thesis will be presented in chapter
2. Properties of erythropoiesis essential for the following chapters will be summarized
and and the connection to a recent medical study will be displayed.

In chapter 4 the mathematical model of erythropoiesis by Fuertinger et al. [FKT+13]
will be introduced. The model structure and necessary assumptions on the medical
process will be summarized, analyzed and extended. The suitability of the model for
the research question will be verified using simulations in FEniCS [Fen].
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The software package VPLAN [Kör02] will be presented in chapter 5, which contains
numerical methods for algorithmic parameter estimation and optimum experimental
design. Due to limitations in the software the model will be reformulated and the new
model will be analysed w.r.t. stability of the underlying numerical scheme.

For this a summary of the underlying mathematical theory and methods will be given
in chapter 3. This includes aspects of the theory of differential-algebraic equations
(DAE) and an introduction to algorithmic parameter estimation and optimum experi-
mental design.

In chapter 6 approaches for reestimation of model parameters to experimental data
will be presented. Background is a recent medical study, in which the erythrocyte
regeneration after a blood loss is observed. Under the usage of methods of optimum
experimental design optimal measurement times will be computed. The obtained data
will be used for reestimation of selected model parameters. The results of the param-
eter estimation and the medical study will be displayed and discussed.

Chapter 7 contains a summary of the results and an outlook for future research.
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Patrick Lilienthal 2 Medical background

2 Medical background

2.1 Erythropoiesis in the human body

In this section a short introduction about the function of erythrocytes, also known as
red blood cells (RBC), and erythropoiesis, which is the production of red blood cells,
is given. This summary is based on [TF09] and [FKT+13].

The main function of erythrocytes is the transport of oxygen from the lungs to tissues
in all parts of the body and the transport of carbon dioxide back for exchange. Healthy
adult humans have a total of 2−3·1013 erythrocytes at any given time, with men having
5−6 million and women having 4−5 million erythrocytes per microliter blood, respec-
tively. Erythrocytes are shaped like biconcave disks and have no nuclei, organelles and
mitochondria to provide more space for the protein complex hemoglobin. Hemoglobin
binds oxygen and carbon dioxide and stabilizes the shape of the erythrocytes. They
withstand a high shear stress, rapid enlongation, folding and deformation during their
passage through the microcirculation.

The production of erythrocytes, beginning from hematopoetic stem cells in the bone
marrow up to the mature erythrocytes, is called erythropoiesis. Erythropoiesis itself
is a dynamic process with a tight regulation. The aim of erythropoiesis is to control
the number of erythrocytes such that the oxygen supply to the tissues is matched with
the current oxygen demand. For this the rate of erythropoiesis has to be adjusted
in reaction to varying environmental conditions like the transition from low to high
altitudes or physical exercise. In addition, the production also has to compensate the
loss of erythrocytes due to interior and outerior bleedings and cellular senescence. An
overproduction of red blood cells is additionally balanced by a novel discovered mecha-
nism called neocytolysis, where young erythrocytes are prematurely removed from the
blood stream.

The primary hematopoetic growth factor gouverning the rate of erythrocyte production
is the hormone erythropoetin (EPO). EPO is mainly produced in the kidneys and also
in insufficient amounts in the liver and other tissues like the brain. The influence of
EPO on the erythropoiesis depends on the number of responsive progenitor cells as well
as on microenvironmental factors like sufficient iron availability. The EPO concentra-
tion is inversely related to the hemoglobin concentration, ranging from approximately
10 mU

mL
in nonanemic conditions up to 10000 mU

mL
in severe anemia. Such high EPO con-

centations can increase the erythrocyte production by a factor up to 3 − 5, providing
that the iron concentration is sufficient. In severe conditions this production can even
increase up to the eightfold by efficient recycling of iron from damaged erythrocytes.
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2.1 Erythropoiesis in the human body Patrick Lilienthal

The progress of maturation of stem cells is characterized by a loss of multipotency in
each subsequent generation. The first stage of erythropoiesis is the hematopoetic pro-
genitor stem cell. The recruitment process of stem cells to the different lineages of cells
is not fully understood. Current findings suggest, that the EPO concentration seems
not to have an influence on the recruitment of stem cells to the erythroid lineage. An
important stage here is the colony-forming unit - granulocyte, erythroid, macrophage,
megakaryocyte (CFU-GEMM), which can either follow the granulocyte / macrophage
lineage or the erythroid / megakaryocyte lineage. One major property of the erythroid
/ megakaryocyte stem cells is the expression of EPO receptors.

Figure 2.1: Illustration of the erythropoiesis taken from [FKT+13]. The width of the
triangles represent the amount of the respective receptors on this cells

The first stage of the erythroid progenitor cells, i.e. the stem cells commited to the ery-
throid lineage, are the burst-forming-unit erythroids (BFU-E). The BFU-E are highly
proliferative cells, which give rise to clustered burst colonies. The amount of EPO
receptors and transferrin receptors, which is rather low in early generations, increases
with each subsequent generation of those cells. They then transit into the stage of
colony-forming-unit erythroids (CFU-E), which form smaller colonies of cells. In this
stage the influence of EPO is the highest, as the number of EPO receptors is maximal.
High EPO concentrations stimulate the cell division rate and prevent cell apoptosis.
The stem cell then matures into different stages of erythroblasts, beginning at proery-
throblast and then maturing into basophilic erythroblast, polychromatic erythroblast
and finally orthochromatic erythroblast. Significant changes occuring in the different
erythroblast stages are the accumulation of hemoglobin, the decreasing of the cell size
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Patrick Lilienthal 2 Medical background

and nuclear condension up to a final denucleation.

Then, they further grow in the bone marrow as reticulocytes. Those leave the bone
marrow and enter the blood circulation, where they become blood reticulocytes and the
final maturation occurs. The maturation includes changes in the cytoskeleton leading
to the classic biconcave discoid shape of the erythrocytes. After the maturation of
about one to three days the reticulocytes mature to erythrocytes. Without nuclei
and organelles the membrane of the erythrocytes can not regenerate and will become
stiff. This stiffness can lead to clogging of small capilaries. The damage is avoided by
phagocytes which destroy the stiff erythrocytes after an average lifespan of 120 days.
The whole process is illustrated in Figure 2.1.

2.2 Polycythemia vera

This section gives an overview about the myoproliferative disorder polycythemia vera
(PV). More details about PV can be found in [Gur65] and [Sil08].

The disease polycythemia vera, also called primary polycythemia, is a slow growing
form of blood cancer which results in an excessive overproduction of erythrocytes. In
contrast to secondary polycythemias often also white blood cells and platelets are af-
fected. In patients with PV regularily the hematocrit level (HCT) or the hemoglobin
content in the blood is increased. The first one is the fraction of erythrocyte volume
to the whole blood. While normal values of HCT are around 40 % and 45 % for men
and women, respectively, untreated patients with PV may have HCT levels around 60
%. The EPO level in PV patients tends to be low due to the increased hemoglobin level.

Polycythemia vera is twice as common in men as in women. The range of the individu-
als affected by PV is normally between 20 and 70 years, whereby the majority is around
40 to 50 years. In rare cases PV is also found in children. The cause of the disease
is not fully understood. Based on recent studies it is assumed that an abnormality in
the JAK2V617F gene might be connected with PV, which influences the rate of ery-
thropoiesis. The cause of the gene defect is not known and is subject of current research.

For example in [EE78] the assumption was made, that in PV patients the influence
of EPO on the CFU-E progenitor cells is disturbed. It was observed, that in vitro
the CFU-E population using cells of a PV patient splits into two groups. While the
cells in the first group has an EPO response similar to healthy patients, cells in the
second group even proliferate in an environment with almost no EPO. This leads to
a constant high proliferation rate and constant low apoptosis rate of the latter group
despite typically low EPO concentration in PV patients.

The overproduction in PV patients tends to thicken the blood, such that various symp-
toms may arise. Those symptomes include headaches, itching skin, fatique, inflamma-
tion of veins (phlebitis), breathing difficulties, excessive bleeding and red skin coloring,
especially of the face. Symptoms of polycythemia vera develop slowly and can go
unnoticed for years. Similarities of some symptomes to other diseases or secondary
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polycythemias often lead to misdiagnoses. An untreated PV may lead to complica-
tions like thrombosis, heart failure, pulmonary embolisms and other kinds of cancer
like myelofibrosis and acute myelogenous leukemia.

In early stages PV may be treated by phlebotomy in regular intervals, which is the
controlled removal of blood from the body. By phlebotomy a fraction of solid and liquid
blood components are removed. As the liquid blood components tend to regenerate
much faster than the solid components, HCT often decreases to normal levels and
symptoms might be eased. The rate of the treatments is chosen such, that the HCT of
the patient stays under a certain threshold. In later stages of the disease medicamentous
treatment or chemotherapy may become necessary.

2.3 Integration of the thesis into a medical study

As part of the Mathematical Optimization for Clinical Decision Support and Training
(MODEST) project of the Algorithmic Optimization group of the Faculty of Mathe-
matics there is a study in cooperation with the Clinic for hematology and oncology at
the university hospital Magdeburg on optimal treatments of patients with PV.

The focus of this study lies on the rate of phlebotomies in early stages of the disease
for each individual patient. Currently no mathematical model exists, which can be
used to obtain such an optimal treatment scheme. The rate of the treatments is there-
fore based on the personal experiences of the treating physician. To ensure that the
treatment is successful, i.e. that the amount of erythrocytes, white blood cells and
platelets fall below a certain threshold, this treatment is applied on a higher rate as
it might be needed. On the other hand do those additional treatments carry an ad-
ditional burden for the patient with it, which further lessens their overall quality of life.

Therefore an aim of the study is the better understanding of the erythrocyte regener-
ation for the individual PV patient, which in the best case results in a model of the
erythropoiesis for the individual PV patient. Such a model, based on essential physio-
logical information about the patient, has to predict the optimal time interval between
two treatments with a high probability without being computational too expensive.

A first step towards the regeneration in the PV patient is a deeper understanding of
erythropoiesis in general, which is addressed in this thesis.
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3 Mathematical Methods

In this chapter mathematical methods are introduced, which are necessary for the
mathematical understanding of the following chapters. First theory on a special type
of differential algebraic equation is presented, which is required for usage of the software
package VPLAN for parameter estimation and optimum experimental design. Then for
the transfer of the mathematical model given in the following chapters to VPLAN the
backward differentiation formula for this special DAE is introduced. Finally a selection
of numerical methods is presented, which are implicitly used in VPLAN. This includes
the multiple shooting approach for parameter estimation, the Gauss-Newton-Method
for solution of the parameter estimation problem and aspects of optimum experimental
design.

3.1 Differential Algebraic Equations

A differential algebraic equation (DAE) is a combination of ordinary differential equa-
tions (ODE) and algebraic equations (AE). They can be differentiated in many dif-
ferent types and the numerical solvability of the DAE highly depends on this type.
For example some classical numerical solution methods for stiff ODEs like backward
differentiation formula (BDF) methods and implicit Runge-Kutta methods can only
be applied for solution of certain types of DAE.

In this section the focus will be on DAE in semi-explicit form with differentiability
index 1. Then an overview about the BDF method will be given, which can be applied
for solutions of this type of DAE. The contents of this section can be complemented
by [BCP96], [SWP12] and [Kör02]. A good introduction in the theory of ordinary
differential equations is [Wal00].

3.1.1 Definition of a DAE

A differential algebraic equation in its most general form can be described by

Definition 3.1. Let I = [t0, T ] ⊂ R be an interval and F : I × Rn × Rn → Rm and
x : I → Rn are functions. The general form of a differential algebraic equation is then
given by

F (t, x(t), ẋ(t)) = 0 ∀t ∈ I. (3.1)

A continuously differentiable function x which satisfies (3.1) is called a classical solution
of the DAE.

7
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We will see, that a function x(t) fulfilling (3.1) does not always have to be differentiable.
For this we want to work with a more specific type of the DAE, where the

”
differential

“aspect and the
”
algebraic“aspect are separated. We write

x(t) := (y(t), z(t)) ∈ Rny × Rnz (3.2)

with ny + nz = n and functions

f : I × Rny × Rnz → Rny (3.3)

g : I × Rny × Rnz → Rnz (3.4)

where y(t) are called differential variables determined by the ODE

ẏ(t) = f(t, y(t), z(t)) ∀t ∈ I (3.5)

and z(t) are called algebraic states described by the AE

0 = g(t, y(t), z(t)) ∀t ∈ I. (3.6)

Definition 3.2. The formulation given by (3.5) and (3.6) is called a differential alge-
braic equation in semi-explicit form.

3.1.2 The differentiability index of a DAE

In the following we assume that a semi-explicit DAE is given and that g, y and z are
continuous differentiable functions. We use the index notation for the Jacobian matrix
Jg,d of g in a direction d ∈ Rnd

gd(t, y(t), z(t)) := Jg,d(t, y(t), z(t)) =

[
∂gi
∂dj

]
i=1,...,nz
j=1,...,nd

. (3.7)

By differentiation of (3.6) in time we obtain

0 = gt(t, y(t), z(t)) + gy(t, y(t), z(t))ẏ(t) + gz(t, y(t), z(t))ż(t) ∀t ∈ I. (3.8)

We further assume that gz is regular, i.e. that g−1
z exists. Then (3.8) can be rewritten

as

ż(t) = −gz(t, y(t), z(t))−1 (gt(t, y(t), z(t)) + gy(t, y(t), z(t))ẏ(t)) ∀t ∈ I. (3.9)

By equation (3.9) ż is given as a continuous function of z and t. For general DAE
equations or semi-explicit DAE with non-singular gz, where this might not be the case,
this form could be achieved by coordination transformations and differentiation of the
resulting equation.

Definition 3.3. The minimum number of (partial) differentiations of the general DAE
(3.1), which are needed to obtain ż as a continuous function of z and t, is called the
(differentiability) index of the DAE.

8
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It can be observed, that a classical solution x of a DAE (3.1) of index r satisfies an
ODE

ẋ(t) = G(t, x) ∀t ∈ T (3.10)

where G is a function which may contain partial derivatives of F up to degree r.

3.1.3 Consistency of a DAE

It is assumed, that in the following only semi-explicit DAE with index 1 are given. They
are characterized by the regularity of gz. In many problem formulations involving DAE
only the initial values for the differential variables

y(t0) = y0 (3.11)

are given. Sometimes the initial values of the algebraic variables z(t0) can be deter-
mined using the initial values y0 of the differential variables and the algebraic equation
(3.6). Given initial values for the algebraic variables z0 satisfying (3.6) are called con-
sistent initial values.

Definition 3.4. A point z0 ∈ Rnz is called a consistent initial value for the semi-explicit
DAE (3.5), (3.6) if

g(t0, y0, z0) = 0 (3.12)

holds for given y0 ∈ Rny . An initial point z0 violating (3.12) is called an inconsistent
initial value.

The equations (3.5), (3.6) with the initial condition (3.11) and consistent initial value
z0 are sufficient to formulate an initial value problem for the index 1 DAE.

Remark 3.5. Inconsistent initial values z0 are treated by the solution of a relaxated
system:

ẏ(t) = f(t, y(t), z(t), p) ∀t ∈ I
0 = g(t, y(t), z(t), p)− β(t)g(t0, y0, z0, p) ∀t ∈ I

y(t0) = y0

z(t0) = z0.

(3.13)

Here β(t) is a continuously differentiable function such that β(t0) = 1, for example

β(t) = e−α(t−t0) (3.14)

for an α > 0. With this setting the DAE is consistent for all initial values y0 and z0

and is still of differentiability index 1. The consistency equation

0 = g(t0, y0, z0, p, u) (3.15)

then becomes a constraint of the optimization problem.

3.1.4 Local ODE properties of the index 1 DAE

It is emphasized, that the ODE (3.10) is not equivalent to the semi-explicit DAE (3.5),
(3.6)

9



3.1 Differential Algebraic Equations Patrick Lilienthal

Example 3.6. Let us consider the index 1 DAE equation

ẏ(t) = 2y(t) + z(t)

y(t) + z(t) = a

y(t0) = y0

for a fixed a ∈ R. After rewriting the algebraic equation as

z(t) = −y(t) + a

we obtain the algebraic initial values

z(t0) = z0 = −y0 + a

as an implicit equation of the differential states y(t). By inserting the rearranged alge-
braic equation into the differential equation we obtain the ODE

ẏ(t) = y(t) + a

with the generic solution

y(t) = Cet − a

where C ∈ R depends on the initial value y0. A ODE function G from (3.10) is derived
by differentiation of the algebraic term with respect to time t, which results in

ż(t) = −ẏ(t).

By integration it follows

z(t) = −y(t) + Cvar

where Cvar ∈ R is arbitrary. The resulting ODE

ẏ(t) = y(t) + Cvar

has the generic solution

y(t) = Cet − Cvar

which differs from the solution of the DAE system for Cvar 6= a

As one can see in the first half of example 3.6 the DAE was easily solvable by rewriting
the algebraic variables as a function of the differential variables and inserting them into
the differential equation. It will be shown, that this process is at least locally possible
for all semi-explicit DAE equations of index 1. For this we will cite the implicit function
Theorem, which can be e.g. found in [Wal02, p.144]

10
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Theorem 3.7 (Implicit function Theorem). Let f : Rn+m → Rm be a continuously
differentiable function with coordinates (x, y) ∈ Rn×Rm. Let further (x∗, y∗) ∈ Rn×Rm

be a point such, that f(x∗, y∗) = c for a c ∈ R. If the square Jacobian matrix

fy(x
∗, y∗) =

[
∂fi
∂yj

]
i=1,...,m
j=1,...,m

(3.16)

is regular, then there exist open sets x∗ ∈ U ⊂ Rn, y∗ ∈ V ⊂ Rm and a unique
continously differentiable function g : U → V such that

{(x, g(x)) : x ∈ U} = {(x, y) ∈ U × V : f(x, y) = c}. (3.17)

Let x∗(t) = (y∗(t), z∗(t)) be a solution of the algebraic equation (3.6) in semi-explicit
form i.e.

g(t, y∗(t), z∗(t)) = 0 ∀t ∈ I. (3.18)

We remember, that g : I × Rny × Rnz → Rnz is continously differentiable and gz
is nonsingular by the assumption that the differentiability index of the DAE is 1.
Therefore the implicit function Theorem with c = 0 can be applied: For fixed t∗ there
exist open sets (t∗, y∗(t∗)) ∈ U ⊂ I × Rny , z∗(t∗) ∈ V ⊂ Rnz and a unique continously
differentiable function ϕ : U → V such that

{((t, y(t)), ϕ(t, y(t))) : (t, y(t)) ∈ U} = {((t, y), z) ∈ U × V : g(t, y, z) = 0} (3.19)

Then for a suitable t∗ ∈ Ĩ ⊂ I the algebraic variables can be locally described by

z(t) = ϕ (t, y(t)) ∀t ∈ Ĩ (3.20)

and the semi-explicit DAE (3.5), (3.6) can locally be rewritten as

ẏ(t) = f(t, y(t), ϕ(t, y(t))) ∀t ∈ Ĩ . (3.21)

It follows, that the algebraic initial value z0 is locally uniquely determined by the
differential initial value y0 and the AE g(.). An important Theorem for the solvability
of an ordinary differential equation is the Theorem of Picard-Lindelöf, which can be
found in e.g. [SWP12]

Theorem 3.8. Let I = [t0, T ] ⊂ R be an interval and f a function, which is Lipschitz-
continuous on the set I × Rny . Then the initial value problem

ẏ(t) = f(t, y(t)) ∀t ∈ I
y(t0) = y0

(3.22)

has for each y0 ∈ Rny an unique continuously differentiable solution y(t) on the whole
interval I.

11
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As the DAE can be locally rewritten as (3.21), it follows for Lipschitz-continuous f

Theorem 3.9. Let f be a Lipschitz-continuous function on the interval I = [t0, T ) ⊂
R. Then there exists a t∗ ∈ I such that the initial value problem

ẏ(t) = f(t, y(t), z(t)) ∀t ∈ [t0, t
∗)

0 = g(t, y(t), z(t)) ∀t ∈ [t0, t
∗)

y(t0) = y0

(3.23)

for the semi-explicit DAE of index 1 has an unique solution y∗(t), z∗(t) on [t0, t
∗].

Remark 3.10. The maximal existence interval I∗ = [t0, t
∗] for the solution y∗(t), z∗(t)

according to Theorem 3.9 depends on the existence interval of the implicit function ϕ.
Let for z ∈ R>0 the algebraic equation

g(t, y(t), z(t)) = 1− t− 1

z
(3.24)

be given. gz is regular, as z > 0 is assumed. The implicit function ϕ around t0 = 0 is
given by

ϕ(t, y(t)) :=
1

1− t
(3.25)

which is not defined for t = 1. Therefore the maximal existence interval for a solution
is I∗ = [0, 1).

3.1.5 BDF method

The backward differentiation formula method is a special case from the class of general
linear multistep methods for the solution of ODEs. The right hand side of (3.5) is
discretized by the backward differentiation formula and the resulting large system of
nonlinear equations is then solved by, for example, a Newton based method.

Here the general idea of the method for ODEs and results for consistency, stability and
convergence are given. Then it is explained how the results for ordinary differential
equations carry over to semi-explicit DAE of index 1. This reflects the main idea how
the VPLAN software package solves problems based on DAEs.

For an interval I = [t0, T ] an ordinary differential equation

ẏ(t) = f(t, y(t)) ∀t ∈ I
y(t0) = y0

(3.26)

is considered. Let

t0 < t1 < ... < tN = T (3.27)

be a time grid on I

hi := ti − ti−1 i ∈ {1, ..., N} (3.28)

12
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the i-th stepsize and

yi := y(ti) (3.29)

the function value of the exact solution y of (3.26) at the i-th timestep. A time grid is
called equidistant with stepsize h > 0 if

hi = h (3.30)

holds for all i ∈ {1, ..., N}. Then the general linear multistep method for an ordinary
differential equation (3.26) is given by

Definition 3.11. A linear multistep method (LMM) of order k for numbers α0, ...,
αk, β0, ..., βk at the time step tn+1 for k + 1 ≤ n ≤ N − 1 is given by

k∑
l=0

αk−lyn+1−l = hn+1

k∑
l=0

βk−lf(tn+1−l, yn+1−l) (3.31)

The numbers αi and βi have to be chosen such, that αk 6= 0 and |α0|+ |β0| > 0 holds. A
LMM method with βk = 0 is called an explicit LMM, otherwise an implicit LMM.

A special case of the LMM is the backward differentiation formula method:

Definition 3.12. The backward differentiation formula (BDF) method of order k for
suitable α0, ..., αk, βk ∈ R at timestep tn+1 for k + 1 ≤ n ≤ N − 1 is given by

k∑
l=0

αk−lyn+1−l = hn+1f(tn+1, yn+1) (3.32)

As βk = 1, the BDF method is an implicit LMM. The idea of the BDF method is to
replace f by an interpolation polynomial with k + 1 interpolation points. Therefore
the coefficients αi are chosen, such that the BDF method is exact for all polynomials
up to degree k. The construction of the coefficients for arbitrary step sizes will be
demonstrated for the BDF method of order 2 with arbitrary stepsizes, as this will be
important later. Let

L(t) =
n+1∑
s=n−1

ysls(t) (3.33)

be the Lagrange interpolation polynomial at the interpolation points tn+1, tn and tn−1

for 1 ≤ n ≤ N − 1 where

ls(t) =
n+1∏

i=n−1
i6=s

t− ti
ts − ti

∀s ∈ {0, 1, ..., N}. (3.34)

13
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By inserting (3.33) into (3.32) the equation

f(tn+1, yn+1) = L′(tn+1) (3.35)

has to hold, which is equivalent to

2∑
l=0

α2−lyn+1−l = hn+1

n+1∑
s=n−1

ysls(t) (3.36)

By comparision of the polynomial coefficients the constants αi are given by

α0 = 1 +
hn+1

hn+1 + hn
, α1 = −1− hn+1

hn
, α2 =

h2
n+1

(hn+1 + hn)hn
(3.37)

The coefficients of the BDF method with equidistant stepsize are given for k ≤ 6 in
Table 3.1.

Table 3.1: Coefficients for the BDF method with equidistant stepsize for k ≤ 6

Order α0 α1 α2 α3 α4 α5 α6

1 1 −1

2 3
2

−2 1
2

3 11
6

−3 3
2

-1
3

4 25
12

−4 3 −4
3

1
4

5 137
60

−5 5 −10
3

5
4

−1
5

6 147
60

−6 15
2

−20
3

15
4

−6
5

1
6

The consistency of a LMM reflects the property, that the method should become exact
as the grid size tends to zero.

Definition 3.13. Let y(tn+1) be the exact solution of the ODE (3.5) at time tn+1 ∈ I
and yh(tn+1; yn, ..., yn−k+1) the numerical solution of a LLM of order k, where

h := max
n−k+2≤i≤n

hi (3.38)

and yi are the exact solutions at k previous steps. Then the local truncation error
δh(tn+1) at tn+1 is defined as

δh(tn+1) := ‖y(tn+1)− yh(tn+1; yn, ..., yn−k+1)‖. (3.39)

The underlying LMM is of consistency order p, if there exists a C > 0 such that for
small h > 0 and all t ∈ I it holds

δh(t) < Chp (3.40)
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For the investigation of numerical properties of LMM often the generating polynomials

ρ(ξ) :=
k∑
i=0

αiξ
i (3.41)

and

σ(ξ) :=
k∑
i=0

βiξ
i (3.42)

are considered. The consistency of a LMM depends on those generating polynomials:

Theorem 3.14. A LMM is of consistency order p if and only if there exists an C > 0
such that for small h > 0 and ξ near 1 it holds

ρ(ξ)

log(ξ)
− σ(ξ) < Chp+1 (3.43)

For BDF methods it can be shown:

Theorem 3.15. The BDF method of order k has consistency order k.

The consistency of a LMM is not sufficient for the convergence of the method. There
are examples of consistent methods, which are instable. To guarantee the convergence
of a LMM the method has to be zero-stable:

Definition 3.16. A LMM is called zero-stable if the first generating polynomial ρ(ξ)
satisfies both of the following conditions:

1. All roots ξ of p(ξ) lie in or on the complex unit-circle, i.e |ξ| ≤ 1.

2. All multiple roots ξ of p(ξ) lie in the complex unit-circle, i.e |ξ| < 1.

By evaluating the coefficients of the first generating polynomials given in Table 3.1 one
can see for BDF methods on equidistant grids:

Theorem 3.17. The BDF method of order k for k ≤ 6 on equidistant grids is zero-
stable. For k > 6 the BDF method is instable.

This can be expanded for non-equidistant grids if the change rates in the stepsizes are
bounded:

Theorem 3.18. The BDF method of order k ≥ 2 is zero-stable on time grids, where

ω ≤ hi+1

hi
≤ Ω (3.44)

holds for i ∈ {1, 2, ..., N − 1} where the boundaries ω, Ω are given by
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k 2 3 4 5 6

ω 0 0.836 0.979 0.997 1− δ1

Ω 2.414 1.127 1.019 1.003 1 + δ2

Here 0 < δ1, δ2 < 0.001. The first order BDF method is zero-stable on any time
grid.

For the definition of the convergence of a LMM disturbed initial data for all of the k
previous steps has to be considered:

Definition 3.19. A LMM is convergent of order p if there exists a C > 0 such that for
all initial value problems (3.26) with p times continuously differentiable f , the exact
solution y and all disturbed values ỹi for the previous k estimates with

‖y(ti)− ỹi‖ ≤ C1h
p (3.45)

for small h > 0, a C1 > 0 and i ∈ {n− k + 1, ..., n} the error boundary

‖y(tn+1)− yh(tn+1; ỹn, ..., ỹn−k+1)‖ ≤ Chp (3.46)

holds for small h > 0. Here yh(tn+1; ỹn, ..., ỹn−k+1) is the numerical solution of the
LMM for the respecitve ODE at time tn+1 and h is defined as

h := max
n−k+2≤i≤n

hi (3.47)

By consistency and zero-stability a criterion for convergence of a LMM is given:

Theorem 3.20. A LMM is convergent of order p if and only if the LMM is zero-stable
and of consistency order p.

It follows, that the BDF method of order k is convergent, zero-stable and consistent
for k ≤ 6.

Remark 3.21. The BDF method can also be applied for DAE equations with differ-
entiability index 1: Let tn+1 be the current timestep and yn, ..., yn−k+1 the previous
estimates for k ≤ 6. By use of the implicit function Theorem it was shown that the
differential algebraic equation (3.5), (3.6) can be locally rewritten as the ODE

ẏ(t) = f(t, y(t), ϕ(y(t))) t ∈ In+1. (3.48)

Here In+1 ⊂ I is an open interval around tn+1 where the implicit function ϕ(.) exists.
All timesteps ti for i ∈ {n−k+1, ..., n+1} are in this interval if the respective stepsizes
hi are chosen small enough. The BDF method then can be applied on (3.48) with the
same properties for convergence, zero-stability and consistency as in the ODE case.
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3.2 Algorithmic parameter estimation for DAE

Dynamical modelling is often used in applications in e.g. biology and chemestry with
the aim to understand the behavior of a complex system. The process of obtaining
a precise mathematical model is characterized by the use of experimental data to it-
eratively improve the models capability to reflect the desired application. For this
improvement methods of algorithmic parameter estimation are used to estimate model
parameter, which optimally fit the experimental data.

The focus here lies again on models based on semi-explicit DAE with differentiability
index 1. In this section we follow [BDK+14] and [Kör02], which can be considered for
further information.

3.2.1 Formulation of the parameter estimation problem

Let I = [t0, T ] be an interval and

ẏ(t) = f(t, y(t), z(t), p, q, u(t)) ∀t ∈ I
0 = g(t, y(t), z(t), p, q, u(t)) ∀t ∈ I
0 = y(t0)− y0

(3.49)

be an initial value problem based on a semi-explicit differential algebraic equation of
index 1 according to (3.5), (3.6). It is extended with a parameter vector p ∈ Rnp , a
control variable q ∈ Rnq and a control function u : I → Rnu . We additionally assume
here, that f is at least Lipschitz continuous on I. Therefore (3.49) has a locally unique
solution and consistent initial values of the algebraic variable

z(t0) = z0 (3.50)

can be locally derived from the algebraic equation g and the initial value y0.

The aim of algorithmic parameter estimation is to find parameters p ∈ Rnp such that
model answers hi ∈ Rnh for i ∈ {1, 2, ...k − 1} are near the k measurements ϑi ∈ Rnh

obtained at times τi where

t0 ≤ τ1 ≤ τ2 ≤ ... ≤ τk ≤ T (3.51)

Here the case τi = τi+1 for i ∈ {1, 2, ...k− 1} is explicitly allowed, which reflects multi-
ple measurements at the same observation time. For parameter estimation the control
variable q and the control function u are both assumed to be fixed, as the experimental
data was already obtained.

Let p∗ be the true model parameter vector and y∗, z∗ the corresponding solution of
(3.49). As measurements are always afflicted with errors we can describe the measure-
ments by

ϑi = hi(τi, y
∗(τi), z

∗(τi), p
∗, q, u(τi)) + εi i ∈ {1, 2, ..., k}. (3.52)
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Here the measurement errors εi are independent, additive and normally distributed
with mean in zero and known standard deviation σi

εi ∼ N (0, σ2
i ) (3.53)

For parameter estimation the method of least squares is used, i.e. the sum of the
squared residuals is minimized. The parameter estimation problem can then be for-
mulated as

min
p,y(.),z(.)

1

2

k∑
i=1

(
ϑi − hi(τi, y(τi), z(τi), p, q, u(τi))

σi

)2

s.t.

ẏ(t) = f(t, y(t), z(t), p, q, u(t)) ∀t ∈ I
0 = g(t, y(t), z(t), p, q, u(t)) ∀t ∈ I
0 = y(t0)− y0 .

(3.54)

3.2.2 Parameterization of the solution

The parameter estimation problem given in 3.54 is infinite dimensional, as the functions
y and z can be any continously differentiable functions over Rny and Rnz , respectively.
Therefore a parameterization s ∈ Rns of the solution space is used. This parameteri-
zation is included into the parameter estimation problem (3.54) by the use of a vector
v := (s, p) ∈ Rns+np = Rnv . The resulting finite dimensional parameter estimation
problem

min
v

1

2
‖F1(v)‖2

s.t.

0 = F2(t, v) ∀t ∈ I

(3.55)

is obtained, where F1 and F2 are suitable functions and ‖.‖ describes the euclidian
norm. Here two methods for the parameterization of the solution space are introduced.

Single shooting method

The single shooting method is based on the iterative solution of initial value prob-
lems with varying initial values and parameters. By Theorem 3.9 it holds, that for
Lipschitz-continuous f(.) the relaxated DAE

ẏ(t) = f(t, y(t), z(t), p, q, u(t)) ∀t ∈ I
0 = g(t, y(t), z(t), p, q, u(t))− β(t)g(t0, y0, z0, p, q, u(t)) ∀t ∈ I(

y(t0)
z(t0)

)
=

(
y0

z0

)
=: s0 ∈ Rny+nz

(3.56)

has an (locally) unique solution y(t; s0, p), z(t; s0, p) depending on the initial value s0

and the parameter p. Using variable initial values it is emphasized, that the initial
values can be parameters, too.
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We therefore use the parameterization v := (s0, p) ∈ Rny+nz+np and obtain a finite
dimensional parameter estimation problem (3.55) where

F1(v) :=


...

ϑi−hi(τi,y(τi;v),z(τi;v),p,q,u(τi))
σi
...

 (3.57)

and

F2(t, v) :=


f(t, y(t; v), z(t; v), p, q, u(t))− ẏ(t)
g(t, y(t; v), z(t; v), p, q, u(t))− β(t)g(t0, y0, z0, p, q, u(t))
y(t0; v)− y0

z(t0; v)− z0

g(t0, y0, z0, p, q, u(t0))

 . (3.58)

The single shooting method can be easily implemented using e.g. a Newton based
solver. On the other hand this method is highly dependent on a good initial estimate
of the parameter vector v. For bad values of v the solution might not exist on the
whole interval I or the Newton based solver might not converge.

Multiple shooting method

The main idea of the multiple shooting (MS) method is to divide the time interval
into multiple short intervals and to solve a subproblem on each of those intervals. We
use the MS grid

t0 = τms,0 < τms,1 < ... < τms,kms = T0 (3.59)

and solve the kms initial value problems

ẏj(t) = f(t, yj(t; v), zj(t; v), p, q, u(t)) t ∈ Ij
0 = g(t, yj(t; v), zj(t; v), p, q, u(t))− β(t)g(t0, yj,0, zj,0, p, q, u(t0)) t ∈ Ij(

yj(τms,j−1)
zj(τms,j−1)

)
=

(
yj,0
zj,0

)
=: sj ∈ Rny+nz

(3.60)
for j ∈ {1, 2, ..., kms} where Ij := [τms,j−1, τms,j). As the connected solution y, z of the
complete DAE should be continuous we have kms − 1 boundary conditons

lim
τ→τms,j

(
yj(τ)
zj(τ)

)
=

(
yj+1(τms,j)
zj+1(τms,j)

)
j ∈ {1, ..., kms − 1} (3.61)

which will be included into the the function F2. We now have a parameterization
v := (s1, ..., skms , p) ∈ R(ny+nz)·kms+np and obtain a finite dimensional replacement
problem (3.55) with

F1(v) =


...

F1,j(sj, v)
...

 (3.62)
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where

F1,j(sj, v) =


...

ϑi−hi(τi,yj(τi;v),zj(τi;v),p,q,u(τi))

σi
...

 (3.63)

for i with τi ∈ Ij and

F2(t, v) :=


...

F2,j(t, v)
...

 (3.64)

with

F2,j(t, v) :=


f(t, yj(t; v), zj(t; v), p, q, u(t))− ẏj(t)
g(t, yj(t; v), zj(t; v), p, q, u(t))− β(t)g(t0, y0, z0, p, q, u(t0))
yj(τms,j−1; v)− yj,0
zj(τms,j−1; v)− zj,0
g(τms,j−1, yj,0, zj,0, p, q, u(t0))
limτ→τms,j

yj(τ)− yj+1(τms,j)

 (3.65)

where the last entry is omitted for j = kms. By the division in subproblems non-
linearities of the underlying problem are reduced, which tends to inprove the conver-
gence properties of the method. Good initial values sj for j ∈ {1, 2, ..., kms}, which can
be obtained by measurements choosing τms,j = τj, further can improve the convergence
of the method.

3.2.3 Linearization of the problem

As the nonlinear problem (3.55) is often very hard to solve, a linear approach is cho-
sen. Here an initial estimation for the parameter v is iteratively improved by using a
linearized problem. Let vk be a linear estimate after k steps of improvement. Then an
improved estimate vk+1 can be obtained by the solution of the linearized problem

min
∆vk∈Rnv

1

2
‖F1(vk) + J1(vk)∆vk‖

s.t.

0 = F2(vk) + J2(vk)∆vk

(3.66)

Here

J1(v) :=
∂

∂v
F1(v) (3.67)

J2(v) :=
∂

∂v
F2(v) (3.68)

are the Jacobian matrices for F1 and F2. The new estimate is then given by

vk+1 := vk + αk∆vk (3.69)
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where αk > 0 is chosen by a suitable algorithm. A fast algorithm with good conver-
gence properties using this approach is the generalized Gauss-Newton-Method. See
[BDK+14] for more details.

We assume that the linear parameter estimation problem (3.66) is regular in the fol-
lowing sense:

Definition 3.22. The linear parameter estimation problem (3.66) is called regular, if
both of the following conditions are satisfied

• Constraint Qualification (CQ): rank(J2) = n2 ≤ nv

• Positive Definiteness (PD): For J :=

(
J1

J2

)
it holds rank(J) = nv <= n1 + n2

For regular linear parameter estimation problems (3.66) the solution can be directly
computed:

Theorem 3.23. Let (3.66) be a regular linear parameter estimation problem and

JP :=
(
I 0

)(JT1 J1 JT2
J2 0

)−1(
JT1 0
0 I

)
(3.70)

a generalized pseudo-inverse of J :=

(
J1

J2

)
. Then (3.66) has the unique solution

∆v = −JP
(
F1

F2

)
(3.71)

3.2.4 Statistical evaluation of the solution

The results of the parameter estimation depend on the given measurements ϑi, which
are random variables due to the measurement errors εi. Therefore the estimated param-
eters vk = vk(ϑ) also are random variables. Here regularity of the linearized problem
(3.66) according to definition 3.22 is assumed.

We are particularly interested in the covariance matrix Ck of the estimate vk. The
entries of the covariance matrix describe the variation of the parameter vector and
therefore the significance of the single entries.

Definition 3.24. Let ∆vk be the solution of (3.66). Then

Ck := E(∆vk∆v
T
k ) ∈ Rnv×nv (3.72)

is the covariance matrix of the estimate vk.
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To evaluate the quality of a given estimation vk a measure for the deviation from
the true parameter v∗ is needed. Therefore we define confidence regions, which are
environments around the estimate vk, in which the true parameter v∗ lies with a given
error probability of (1− α)100% for α ∈ (0, 1].

Definition 3.25. For α ∈ (0, 1] the confidence region around an estimate vk is given
by

G(α) = {v ∈ Rnv : ‖F1(v)‖2 − ‖F1(vk)‖2 ≤ γ(α), F2(v) = 0} (3.73)

Here γ(α) is determined by the underlying distribution.

As this confidence region is rather difficult to compute due to a possibly complex
geometry, again a linearization is used.

Definition 3.26. For α ∈ [0, 1) the linearized confidence region around an estimate vk
is given by

GL(α) = {∆v ∈ Rnv : ‖F1(vk)+J1(vk)∆v‖2−‖F1(vk)‖2 ≤ γ(α), J2(vk)∆v = 0} (3.74)

Here γ(α) is determined by the underlying distribution.

3.3 Optimum experimental design

In experiments often only few measurements are possible due to limited resources or
high costs of the experiment. Therefore the experiment attributes like measurement
times and experiment controls should be designed, such that the most possible infor-
mation can be derived. For this the theory of optimum experimental design (OED)
is used. The aim of this section is to formulate the OED problem for the parameter
estimation problem. This section is based on [BDK+14] and [Kör02].

3.3.1 Scheduling of measurements and controls

The number of possible measurements often is limited in experiments so that the best
possible measurement points have to be found. Let I = [t0, T ] be an interval and

t0 ≤ t1 ≤ ... ≤ tM = T (3.75)

a time grid, which contains possible measurement points in an experiment. Each
possible measurement point has a weight

ωi ∈ {0, 1} i = 1, ...,M (3.76)

Here ωi = 1 means, that a measurement is done at point ti and ωi = 0 means that no
measurement is done at point ti. For the experiment lower and upper bounds on the
number of measurements e.g. at a defined point of time or per experiment are defined

loω,j ≤
∑
i∈Jj

ωi ≤ upω,j ∀j ∈ {1, ..., Nj} (3.77)

for suitable index sets Jj ⊂ {1, ...,M}.
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Often also relaxated weights ωi ∈ [0, 1] are used. A higher weight ωi can reflect a higher
effort and higher cost for the measurement i. For loω,j = 0 and upω,j = 1 the relaxated
weights ωi can be interpreted as a probability density on Jj.

By control variables q ∈ Rnq control functions u : I → Rnu variable conditions for the
execution of experiments are described. For each component of the control variables
and the control function boundaries

qi = [loqi , upqi ] i = 1, ..., nq

ui(t) = [loui , upui ] i = 1, ..., nu
(3.78)

or non-linear restrictions

ci(q) ∈ [loci , upci ] i = 1, ..., nc (3.79)

with c : Rnu → Rnc are given.

The control vector q, the control function u(.) and the vector of measurement weights
ω are called optimum experimental design variables.

3.3.2 Confidence criteria

After the execution of an optimal designed experiment the resulting parameter estima-
tion problem

min
v

1

2

k∑
i=1

ωi

(
ϑi − hi(ti, y(ti; v, q, u(ti)), z(ti; v, q, u(ti)), v, q, u(ti))

σi

)2

s.t.

ẏ(t) = f(t, y(t), z(t), p, q, u(t)) ∀t ∈ I
0 = g(t, y(t), z(t), p, q, u(t)) ∀t ∈ I
0 = y(t0)− y0

(3.80)
for v = (s, p) should provide estimated parameters wieht minimized uncertanties/minimal
variances. Here ωi is included, as not every measurement point is taken into account.

For optimization of the optimum experimental design variables a suitable measure
for the quality of the parameter estimation is needed. For this we observe, that the
covariance matrix C for an estimate v = (s, p) can be written as

C =
(
I 0

)(JT1 J1 JT2
J2 0

)−1(
JT1 J1 0

0 0

)(
JT1 J1 JT2
J2 0

)−T (
I
0

)
. (3.81)

For fixed v the covariance matrix is a function of the OED variables q, u and ω,
but not of the measurements ϑ. This means that optimal designs can be computed
before realizing the expensive, time consuming or complex experiment. As C contains
information about the variation of the model parameters, which should be minimized,
it can be used to describe the quality of an experiment design.

23



3.3 Optimum experimental design Patrick Lilienthal

To measure this quality information functions φ on the covariance matrix C are used.
The common criteria are

• The trace-criterion (A-criterion):

φA(C) =
1

n
trace(C) (3.82)

• The determinant-criterion (D-criterion):

φD(C) =
(
det(KTCK)

) 1
n (3.83)

where K is a suitable projection matrix.

• Largest-eigenvalue-criterion (E-criterion):

φE(C) = max{λ : λ is eigenvalue of C } (3.84)

• The confidence-interval-criterion (M-criterion):

φM(C) = max{
√
Cii, i = 1, ..., nv} (3.85)

Remark 3.27. The covariance matrix C depends on the absolut parameter values in v.
Thus C and therefore the information functions are strongly dependent on the scaling
of the parameter. If the parameters should be considered equally, then they should be
scaled, such that they have the same order of magnitude. On the other hand, one
parameter could be emphasized by suitable scaling.

3.3.3 Formulation of the optimum experimental design problem

For a formulation of the OED problem the restrictions (3.77), (3.78) and (3.79) together
with other conditions like cost restrictions and boundaries on variables are summarized
into

lo ≤ ψ(t, x, y, p, q, u, ω) ≤ up (3.86)

and for the restrictions where the lower bound and the upper bound are equal

0 = ξ(t, x, y, p, q, u, ω). (3.87)

If the ωi are not relaxated, then the condition

ωi ∈ {0, 1} i = 1, ...,M (3.88)

has to be fulfilled.
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The optimal experimental design problem is then given by

min
q,u,ω,y,z

φ(C)

s.t.

C is computed from the solution of (3.80)

ẏ(t) = f(t, y(t), z(t), p, q, u) ∀t ∈ I
0 = g(t, y, z, p, q, u) ∀t ∈ I
lo ≤ ψ(t, x, y, p, q, u, ω) ≤ up

0 = ξ(t, x, y, p, q, u, ω)

ωi ∈ {0, 1} i = 1, ...,M



. (3.89)

3.3.4 Necessary number of measurements

One additional question arises: how many measurements are needed for the covariance
matrix C to be non-singular? Non-singularity of C is important for the identifiability
of the chosen model parameters and the evaluation of the information functions φ. For
this we refer to [Fed72], where the covariance matrix C is calculated by a non-singular
information matrix M . It holds that

C = M−1 (3.90)

In [Fed72, p.66] it is seen, that each non-singular information matrix can be constructed
by l measurements, where [

np
nh

]
≤ l ≤ np(np + 1)

2
(3.91)

The proof of this construction is based on the Theorem of Caratheodory, which is also
found in [Fed72, p.66].
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4 A mathematical model for
erythropoiesis

For the investigations on the erythropoiesis in the human body a mathematical model
of the process is needed, which covers most of the relevant physiological aspects. For
this a model by Fuertinger et al. [FKT+13] was chosen. The model structure, which
is derived from current knowledge of erythropoiesis, will be recapitulated. In the
paper assumptions on this rather complex model were made for simplification purposes.
Those assumptions are summarized and complemented by own necessary assumptions.

4.1 Model characteristics

Model structure

The model of Fuertinger et al. is an age-structured model beginning with progenitor
cells (BFU-E and CFU-E), leading to precursor cells (erythroblasts and reticulocytes)
and finally maturing into erythrocytes. Each of the five cell stages is described by a
partial differential equation (PDE) of the form

∂

∂t
u(t, µ) + V (µ,E(t)) · ∂

∂µ
u(t, µ) = (β(µ, Z(t), E(t))− α(µ, Z(t), E(t))) · u(t, µ)

∀(t, µ) ∈ [0, T ]× [µb, µe]

(4.1)

with the following components:

• u(t, µ) is the density of the cell population of maturity µ (also referred as cell
age) at time t. This means, that

U(t, µ1, µ2) =

∫ µ2

µ1

u(t, µ)dµ (4.2)

describes the number of cells of cell age between µ1 and µ2 at time t.

• I = [0, T ] ⊂ R is the time interval in which the system is observed.

• µb and µe are the lower and upper bound, respectively, for the cell age, in which
the cell is in the respective stage.

• M ∈ R is the maximal age of an erythrocyte. This value is given by the following
model assumptions, where 0 is the initial age of the BFU-E progenitor cell
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• E(t) is the concentration of erythropoetin
[
mU
ml

]
in the individual at time t. This

value is included by a feedback equation, which is given below.

• Z(t) is the iron concentration in the individual at time t. This value is given by
measurements.

• β(.) describes the proliferation rate of the cells. It depends on the cell age, the
iron availability and the EPO concentration.

• α(.) describes the rate of apoptosis, i.e. the programmed cell death. It also
depends on the cell age, the iron availability and the EPO concentration.

• V (.) is a variable maturing velocity of the cells. It is dependent on the cell age
and the EPO concentration. It is particularly important for the reticulocyte
population.

Initial values of the PDE

The initial values in the time variable t are given by

u(0, µ) = p0(µ) ∀µ ∈ [µb, µe] (4.3)

where p0(.) is the population of the observed individual at the beginning of the obser-
vation. This function can e.g. be set to known steady state values of the individual.
For the initial value in the maturity variable µ for the first cell stage it is assumed

Assumption 1. The rate at which cells commit to the erythroid lineage is constant,
i.e.

u(t, 0) = S0 = const. ∀t ∈ [0, T ] (4.4)

Transtition between two cell stages

For the transition between two cell stages it is assumed that

Assumption 2. The transition between two cell stages is irreversible.

and

Assumption 3. The transition between two cell stages only occurs at the maximal age
of the previous stage

Because of the Assumptions 2 and 3 there are boundary conditions in the cell age for
each cell stage in the form

uprevious(t, µprevious,e) = unext(t, µnext,b) ∀t ∈ [0, T ] (4.5)

Iron dependency of the individual

For our applications only individuals with sufficient iron availability are considered.
Therefore Z(t) has values such, that no impaired erythropoiesis occurs i.e. Z(t) has
no influence on the RBC production:
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Assumption 4. β(.) and α(.) are independent of the iron concentration Z(.)

In the following the function Z(t) will be omitted because of Assumption 4

Regeneration of the total blood volume

The body reacts to a blood loss by a rapid regeneration of the blood plasma and a slow
regeneration of the several types of blood cells. It is assumed, that the regeneration
of the blood plasma occurs in an instant and therefore the total blood volume (TBV)
can assumed to be constant:

Assumption 5. The TBV is constant and independent on external influences, i.e.
TBV = const

In the following the PDEs for the single cell stages are presented.

Progenitor cell: Burst-forming-unit erythrocyte (BFU-E)

After a multipotent stem cell commits to the erythrocyte lineage, the first distinguish-
able stage is the burst-forming-unit erythrocyte (BFU-E). For the BFU-E population
up the following assumptions were made:

Assumption 6. The cell stays in the stage of a BFU-E for 7 days, before it transists
into the next stage, i.e. µb = 0 and µe = 7

Assumption 7. The proliferation rate of BFU-E is constant and independent of the
EPO concentration:

β(µ,E(t)) = βp ∀µ ∈ [0, 7] (4.6)

Assumption 8. The apoptosis rate of BFU-E is zero:

α(µ,E(t)) = 0 ∀µ ∈ [0, 7] (4.7)

Assumption 9. The maturation velocity of BFU-E is constant and assumed to be one:

V (µ,E(t)) ≡ 1 ∀µ ∈ [0, 7] (4.8)

The Assumptions 6 to 9 result in the following PDE for the BFU-E cell stage
∂
∂t
up(t, µ) + ∂

∂µ
up(t, µ) = βpup(t, µ) ∀t ∈ [0, T ] , µ ∈ [0, 7]

up(t, 0) = S0 ∀t ∈ [0, T ]

up(0, µ) = p0(µ) ∀µ ∈ [0, 7]

(4.9)

Progenitor cell: Colony-forming-unit erythrocytes (CFU-E)

After 7 days the BFU-E matures into a colony-forming-burst erythrocytes (CFU-E),
a fast proliferating and very EPO responsive form of the stem cell. For the CFU-E
population uq the following assumptions were made:

Assumption 10. The cell stays in the stage of a CFU-E for 6 days, before it transists
into the next stage, i.e. µb = 7 and µe = 13
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Assumption 11. The proliferation rate of CFU-E is constant and independent of the
EPO concentration

β(µ,E(t)) = βq ∀µ ∈ [7, 13] (4.10)

Assumption 12. The apoptosis rate of CFU-E is strongly depending on the EPO
concentration. It is computed by the nonlinear sigmoid function

α(µ,E(t)) = αq(E(t)) =
a1 − b1

1 + ek1E(t)−c1
+ b1 ∈ (b1, a1) ∀µ ∈ [7, 13] (4.11)

Assumption 13. The maturation velocity of CFU-E is constant and assumed to be
one

V (µ,E(t)) ≡ 1 ∀µ ∈ [7, 13] (4.12)

The Assumptions 10 to 13 result in the following PDE for the CFU-E compartment
∂
∂t
uq(t, µ) + ∂

∂µ
uq(t, µ) = (βq − αq(E(t)))uq(t, µ) ∀t ∈ [0, T ] , µ ∈ [7, 13]

uq(t, 7) = up(t, 7) ∀t ∈ [0, T ]

uq(0, µ) = p0(µ) ∀µ ∈ [7, 13]

(4.13)

where αq(.) is computed according to Assumption 12.

Precursor cell: Erythroblasts

All of the subsequent maturation stages from proerythroblasts to orthochromatic ery-
throblast are here summarized into the stage of the erythroblast. The erythroblast
population density is denoted as ur. They are assumed to have a high, constant prolif-
eration rate, no cell apoptosis or premature transition into the following stage. They
stay in this stage for 5 days:

Assumption 14. The cell stays in the stage of an erythroblast for 5 days, before it
transits into the next stage, i.e. µb = 13 and µe = 18

Assumption 15. The proliferation rate of erythroblasts is constant and independent
of the EPO concentration

β(µ,E(t)) = βr ∀µ ∈ [13, 18] (4.14)

Assumption 16. The apoptosis rate of erythroblasts is zero:

α(µ,E(t)) = 0 ∀µ ∈ [13, 18] (4.15)

Assumption 17. The maturation velocity of erythroblasts is constant and assumed to
be one:

V (µ,E(t)) ≡ 1 ∀µ ∈ [13, 18] (4.16)

The Assumptions 14 to 17 result in the following PDE for the erythroblast cell stage
∂
∂t
ur(t, µ) + ∂

∂µ
ur(t, µ) = βsur(t, µ) ∀t ∈ [0, T ] , µ ∈ [13, 18]

ur(t, 13) = uq(t, 13) ∀t ∈ [0, T ]

ur(0, µ) = p0(µ) ∀µ ∈ [13, 18]

(4.17)
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Precursor cell: Reticulocytes

After an overall maturation of 18 days the cell reaches the stage of a reticulocyte,
where it is released into the blood stream. Its density is denoted by us. In this stage
we deviate from the assumptions made by Fuertinger et al. [FKT+13]. In the paper
it was assumed, that the maturation velocity of the reticulocytes depends on the EPO
concentration, which reflects the current demand for RBCs. Therefore the duration,
in which the cell is in the stage of a reticulocyte, would vary between one and three
days. Through communication with the main author of the paper and simulations
of the model it was discovered, that the results presented in the paper could only be
achieved by setting the maturation velocity of the reticulocytes to one. It follows, that
the timespan in the reticulocyte stage is a constant value of two days:

Assumption 18. The cell stays in the stage of an reticulocyte for 2 days, before it
transists into the next stage, i.e µb = 18 and µe = 20

Assumption 19. The maturation velocity of erythroblasts is constant and assumed to
be one:

V (µ,E(t)) ≡ 1 ∀µ ∈ [18, 20] (4.18)

Furthermore we assume, that reticulocytes are not proliferating and have a small apop-
tosis rate due to ineffective erythropoiesis:

Assumption 20. The proliferation rate of reticulocytes is zero:

β(µ,E(t)) = 0 ∀µ ∈ [18, 20] (4.19)

Assumption 21. The apoptosis rate of reticulocytes is constant and not dependent on
the EPO concentration:

α(µ,E(t)) = αs ∀µ ∈ [18, 20] (4.20)

The Assumptions 18 to 21 result in the following PDE for the reticulocyte compartment
∂
∂t
us(t, µ) + ∂

∂µ
us(t, µ) = −αsus(t, µ) ∀t ∈ [0, T ] , µ ∈ [18, 20]

us(t, 18) = ur(t, 18) ∀t ∈ [0, T ]

us(0, µ) = p0(µ) ∀µ ∈ [18, 20]

(4.21)

Mature erythrocytes

After the final maturation steps the reticulocyte becomes a mature erythrocyte, which
density is denoted as um. It is now able to participate in the oxygen supply of the
tissues. We assume that the maximal age of an erythrocyte is 120 days, after which it
gets phagocytosed. Its maturation rate is constant:

Assumption 22. The maximal age of an erythrocyte is 120 days, i.e. µb = 20 and
µe = 140 Afterwards the cell gets phagocytosed.

Assumption 23. The maturation velocity of an erythrocyte is constant and assumed
to be one:

V (µ,E(t)) ≡ 1 ∀µ ∈ [20, 140] (4.22)
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While an erythrocyte does not proliferate, it can prematurely die due to random cell
breakdown. An additional factor here is the neocytolysis, where young erythrocytes
are prematurely removed from the blood stream. It seems to happen if the EPO
concentration drops below a certain threshold.

Assumption 24. The proliferation rate of erythrocytes is zero:

β(µ,E(t)) = 0 ∀µ ∈ [20, 140] (4.23)

Assumption 25. There is an intrinsic apoptosis rate of erythrocytes αm,0, which is
constant and not dependent on the EPO concentration. Additionally there is an apop-
tosis rate for young erythrocytes of cell age µ ∈ [µneomin, µ

neo
max], µ

neo
min < µneomax, when

E(t) < τE. For µ ∈ [20, 140] the overall apoptosis rate of erythrocytes is described by

αm(µ,E(t)) =

{
αm,0 +min

(
cE

E(t)kE
, bE

)
for E(t) < τE, µ

neo
min ≤ µ ≤ µneomax

αm,0 otherwise
(4.24)

We also assume, that the amount of hemoglobin carried by each cell is equal and
independent on the cell age. As the oxygen capacity per cell depends on the hemoglobin
mass it follows

Assumption 26. The oxygen carrying capability is proportional to the number of RBCs

The Assumptions 22 to 26 result in the following PDE for the erythrocyte cell stage
∂
∂t
um(t, µ) + ∂

∂µ
um(t, µ) = −αm(µ,E(t))um(t, µ) ∀t ∈ [0, T ] , µ ∈ [20, 140]

um(t, 20) = us(t, 140) ∀t ∈ [0, T ]

um(0, µ) = p0(µ) ∀µ ∈ [20, 140]

(4.25)

Here αm(.) is computed according to Assumption 25.

Feedback by erythropoetin (EPO)

The rate of erythropoiesis has to be adjusted depending on the demand for new ery-
throcytes. This production rate is controlled by the concentration of the hormone
erythropoetin in the blood circulation, as EPO controls the apoptosis rate of CFU-E
and the threshold for neocytolysis, see Assumptions 12 and 25.
The release of EPO is controlled by a negative feedback mechanism in response to
the partial pressure of oxygen in the blood circulation. As the oxygen capability of
the erythrocytes is proportional to the number of erythrocytes, see Assumption 26, we
have

Assumption 27. The erythropoetin production depends on the total number of ery-
throcytes. Let

M(t) := U(t, 20, 140) =

∫ 140

20

u(t, µ)dµ ∀t ∈ [0, T ] (4.26)
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be the number of erythrocytes and

M̃(t) :=
M(t)

TBV
· 10−8 (4.27)

be a scaled erythrocyte concentration depending on the total blood volume (TBV). The
total production of EPO then is described by

Ein(t) =
a3 − b3

1 + ek3M̃(t)−c3
+ b3 ∈ (b3, a3) (4.28)

Furthermore there is a natural decay of the erythropoetin. The degradiation rate of
EPO is assumed to be constant:

Assumption 28. The degradation rate of EPO is constant, i.e. cdeg ≡ const

For simplification purposes it is further assumed, that the EPO production rate imme-
diately reacts to changes on the total number of erythrocytes

Assumption 29. There is no time delay between the change in the total number of
erythrocytes and the adaptation of EPO production rate.

Using the Assumptions 27 to 29 we obtain an integro-differential equation for the EPO
concentration {

Ė(t) = Ein(t)
TBV

− cdegE(t) ∀t ∈ [0, T ]

E(t) = E0

(4.29)

where E0 is an assumed starting value for the erythropoetin level. Ein(t)
TBV

is used for
the production rate, as the overall production of EPO is distributed equally over the
whole blood.

Summary

Because of the Assumptions 2 and 3 the PDEs of the five cell stages can be connected
to one whole equation with an overall population density u(t, µ). Together with the
integro-differential equation describing the EPO feedback we obtain the system

∂

∂t
u(t, µ) +

∂

∂µ
u(t, µ) = (β(µ)− α(µ,E(t)))u(t, µ) ∀t ∈ [0, T ] , µ ∈ [0, 140]

Ė(t) =
Ein(t)

TBV
− cdegE(t) ∀t ∈ [0, T ]

(4.30)
with the initial conditions {

u(0, µ) = p0(µ)∀µ ∈ [0, 140]

E(0) = E0

(4.31)

the growth rate

β(µ) =


βp for µ ∈ [0, 7)

βq for µ ∈ [7, 13)

βr for µ ∈ [13, 18)

0 otherwise

(4.32)
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the apoptosis rate

α(µ,E(t)) =


αq(E(t)) for µ ∈ [7, 13)

αs for µ ∈ [18, 20)

αm(µ,E(t)) for µ ∈ [20, 140]

0 otherwise

(4.33)

where αq(E(t)) and Ein are given by the sigmoid functions (4.11) and (4.28), respec-
tively, and where αm(µ,E(t)) is given by (4.24). The total blood volume TBV and the
initial conditions p0(µ) and E0 are chosen with respect to the individual. In Figure 4.1
the model structure is visualized.

BFU-E

Up(t)

µ ∈ [0, 7]

CFU-E

Uq(t)

µ ∈ [7, 13]

Erythroblast

Ur(t)

µ ∈ [13, 18]

Reticulocytes

Us(t)

µ ∈ [18, 20]

Erythrocytes

M(t)

µ ∈ [20, 140]

Apoptosis EPO
S0

αq αr αs

βp

βq βr

Figure 4.1: Structure of Fuertinger’s model of erythropoiesis. The blue lines are growth
rates, the red lines are apoptosis rates. The green dashed lines represent
the feedback mechanism.

Using the assumptions made above there are 22 model parameters which values have
to be assigned. In the paper by Fuertinger et al. [FKT+13] literature values from
Lichtman et al. [L+05, ch.30] were used to obtain the number of cells in each population
per kg of the individuals weight. Those values were applied to a generic, healthy patient
with 75kg weight and a total blood volume of 5000 ml. The resulting volumes can be
seen in Table 4.1.
It has to be considered that the value for the Proerythroblasts was used for computation
of the progenitor cell population. i.e. the population of BFU-E and CFU-E cells.
Furthermore, for the reticulocyte population only the marrow reticulocyte value was
taken into account. The reticulocytes in the blood stream were included into the
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Table 4.1: Total numbers of cell populations in healthy adults, per kg and for 75 kg

Cell types Used as Population (108 · 1

kg
) values for 75 kg

Proerythroblasts U(., 0, 13) 1 75 ·108

Erythroblasts U(., 13, 18) 49 36.75 ·1010

Marrow reticulocytes U(., 18, 20) 82 61.5 ·1010

Red blood cells (incl.
blood retis)

U(., 20, 140) 3331 24.98 ·1012

erythrocyte population. Then the model parameters were adapted to literature values
and educated guess such, that the steady state values from the simulations were near
the population numbers in Table 4.1. It is emphasized, that no algorithmic parameter
estimation was done here. Those parameters can be seen in Table 4.2

4.2 A Simulation using the FEniCS project

The simulations in the following chapters will be based on the model of Fuertinger et
al. [FKT+13]. For this purpose this model was first implemented in Python using the
FEniCS project [Fen]. Using the FEniCS project allowed an easy implementation for
verification of the model. After verification the results of the simulations will be used
as a reference value for the more sophisticated implementation in VPLAN.

Two relevant results of the paper were reproduced: First the desired steady state val-
ues specified in Table 4.1 should be obtained by simulation of the system. Second the
model behavior after a simulated blood loss was observed.

The FEniCS project is a collection of free, open source software available in C++ and
Python. Its main emphasis is on the automated solution of differential equations. For
this FEniCS includes scientific computing tools for working with computational meshes,
finite element variational formulations of ODEs and PDEs and numerical linear alge-
bra. The version 2016.1.0 was used for the implementation. For further information
[Fen] and [LMW12] can be considered.

For the simulation in FEniCS a discretization in time direction was used. Both ∂
∂t
u(t, µ)

and Ė(t) were discretisized using the implicit Euler method, which can be found in
[SWP12]. The resulting equations were rearranged and reformulated as a variational
problem. Using an appropriate grid in cell age direction and a suitable FEM function
space the variational problem was transformed into a linear equation. Then for each
time step this linear equation is updated and solved to obtain the desired population
densitites.
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Table 4.2: Model parameters for a healthy patient with 75kg and 5000ml blood

Parameter Meaning Value Unit

βp Proliferation rate for BFU-E cells 0.2 1
day

βq Proliferation rate for CFU-E cells 0.57 1
day

βr Proliferation rate for erythroblasts 1.024 1
day

αs Rate of ineffective erythropoiesis (Apoptosis
rate of Reticulocyte)

0.089 1
day

αm,0 Intrinsic mortality rate for erythrocytes 0.005 1
day

a1 Upper bound for sigmoid apoptosis rate of CFU-
E cells

0.35 1
day

b1 Lower bound for sigmoid apoptosis rate of CFU-
E cells

0.07 1
day

k1 Constant for sigmoid apoptosis rate of CFU-E
cells

0.14 ml
mU

c1 Constant for sigmoid apoptosis rate of CFU-E
cells

3.0 Dimensionless

a3 Upper bound for sigmoid function for EPO pro-
duction

90000 mU
day

b3 Lower bound for sigmoid function for EPO pro-
duction

10000 mU
day

k3 Constant for sigmoid function for EPO produc-
tion

0.2 ml

c3 Constant for sigmoid function for EPO produc-
tion

9.1 Dimensionless

µneomax Upper bound for cell age, in which neocytolysis
is possible

41 Days

µneomin Lower bound for cell age, in which neocytolysis
is possible

34 Days

bE Constant in the mortality rate for erythrocytes
(neocytolysis)

0.1 1
day

cE Constant in the mortality rate for erythrocytes
(neocytolysis)

3.5 mU3

ml2

kE Constant in the mortality rate for erythrocytes
(neocytolysis)

3.0 mU3

ml2

τE Threshold EPO concentration 9.8 mU
ml

cdeg Degeneration rate of EPO 24
25 log(2) 1

day

S0 Rate at which cells are committing to the ery-
throid lineage

108 1
day

TBV Total blood volume 5000 ml
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4.2.1 Simulation of the steady state

For verification of the model one first wants to reach a steady state of the system,
which fits to literature data. Therefore the Figure 3a) of [FKT+13] was reproduced
using the same settings as described in the paper. The simulation starts with an initial
population density p0 such, that each cell stage starts with 108 individuals, where the
progenitor cells BFU-E and CFU-E share one pool. This initial population is equally
distributed in the respective intervals, which does not reflect the distribution in re-
ality. Model parameters are chosen according to Table 4.2. The observation time is
T = 150 days with a step size of ∆t = 0.1. For this simulation the EPO feedback
control (4.29) is turned off. This means, that the initial EPO concentration, which is
chosen as E0 = 10, is maintained during the whole observation time. The results of
the numerical simulation can be seen in Figure 4.2.

In Figure 4.2 steady states for all cell stages were obtained. The progenitor cells, the
erythroblasts and the reticulocytes reach their equilibrium relatively early at 10-20
days, while the equilibrium of the erythrocyte population is delayed and reached at
about 140 days. The values of the steady states in Figure 4.2 match the values given
in literature. Then the same simulation was repeated including the EPO feedback
control (4.29). After a longer simulation time of T = 500 days and fluctuations in the
trajectories the same equilibrium values as in the case without feedback are obtained.
The numerical results are given in Figure 4.3.

4.2.2 Simulation of a blood loss

For further verification the model response to a simulated blood loss is observed. The
initial population density p0 for the simulation are the steady state values obtained in
the simulation in subsection 4.2.1. At simulation time t = 1 a blood loss of 9% of the
blood volume is simulated by mulitplying the discrete population densities belonging
to the erythrocyte population by 0.91. Then the system is simulated for 150 days with
a step size ∆t = 0.1. According to literature values the loss of the erythrocytes should
be compensated at around 40 days. The model parameters again are chosen according
to Table 4.2. The results of the numerical solution can be seen in Figure 4.4.

In Figure 4.4 the green dashed line marks the total population of the respective cell
stage at t = 0. The vertical red dashed line visualizes the time t = 1, where the blood
loss occurs. The desired reaction to the blood loss is visible: The EPO level increases
in response to the blood loss, which decreases the apoptosis rate of the CFUs. The
resulting increase in the total CFU population carries over to the following cell stages,
which causes a fast regeneration of the erythrocytes. As the erythrocyte population
normalizes, the EPO level adjusts to the steady state value of 10. After about 40
days the erythrocyte population is fully restored, which corresponds to values given
in literature. However, in contrast to [FKT+13], the EPO level and the erythrocyte
population are underestimated and overestimated, respectively, both relative to the
respective steady state value. The reason behind this deviations from [FKT+13] might
be due to differences in the chosen simulation approach. As the desired properties were
visible in the simulations, this model will be used for further investigations.
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Figure 4.2: Simulation of a 75kg male starting with 108 cells per cell stage without
feedback control
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Figure 4.3: Simulation of a 75kg male starting with 108 cells per cell stage including
feedback control
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Figure 4.4: Simulation of a phlebotomy of 9% of the erythrocytes at simulation time
t = 1 starting at obtained equilibrium values using feedback control via
erythropoetin
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5 Implementation in VPLAN

The software package VPLAN was developed in the Interdisciplinary Center for Scien-
tific Computing of the university Heidelberg. It was first presented 2002 in the PhD
thesis of Stefan Körkel [Kör02]. The main emphasis of VPLAN is the solution of op-
timum experimental design problems on DAE equations of differentiability index 1.
VPLAN is implemented in C++ and Fortran, which allows automated generation of
derivatives by use of the package ADIFOR [BCH+95]. The following functions are
included in VPLAN:

• Integration of the DAE using the package DAESOL [BBS99]. It is based on the
evaluation of a suitable BDF polynomial.

• Construction of a simulation environment for evaluation of experimental designs.

• Algorithmic parameter estimation by use of the package PARFIT [Boc87] or
PAREMERA [Kir15]

• Solution of optimum experimental design problems by e.g. SNOPT. SNOPT is
based on the SQP algorithm, see [GMS05].

In this chapter we want to implement the model of Fuertinger et al. [FKT+13] in
VPLAN, as VPLAN is suitable for formulation and solution of parameter estimation
problems and optimum experimental design problems.

5.1 Reformulation of the model equations

One major difficulty here is that VPLAN is only suitable for solution of DAE of dif-
ferentiability index 1. The summarized form of the model (4.30) consists of a PDE
in the spatial variable µ ∈ Ωµ = [0, 140] and the time variable t ∈ Ωt = [0, T ] and a
time-dependent integro-differential equation. Therefore the Method of Lines [Sch12]
will be used to transform the PDE into a system of coupled ODEs, which only depend
on the time variable t. The dependency on the other variable will be outsorced into
the systems equations. In VPLAN this can be realized using one system state x(t, i)
for each discrete step µi in spatial direction and specifying the respective derivatives
f(t, i) := ∂

∂t
x(t, i). By use of a quadrature formula on M(t) the integro-differential

equation for the EPO feedback (4.29) becomes an ODE. The resulting DAE can be
used in VPLAN.
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The numerical Method of Lines is a technique for the solution of time-dependent PDEs.
The main idea of this method is the discretization of all spatial dimensions and the
respective derivatives. Then the PDE can be rewritten as a system of coupled ODEs,
which only depends on the time variable. If the resulting ODE system is an initial
value problem in the remaining variable, then numerical methods suitable for initial
value ODEs can be applied.

5.1.1 States of the system

Let
0 = µ0 < µ1 < ... < µn = 140

be a discretization of Ωµ = [0, 140] with N ∈ N. The population density of cell age µi
at time t is interpreted as differential state of the system. For t ∈ Ωt

x(t, i) := y(t, i) := u(t, µi) i ∈ {1, ..., N} (5.1)

is defined. The population density for i = 0

u(t, µ0) = S0 (5.2)

is fixed and is therefore not defined as a differential state. It is implicitly used later.
The EPO concentration is included as a differential state

x(t, N + 1) := y(t, N + 1) := E(t) (5.3)

with the integro-differential equation

ẏ(t, N + 1) := f(t, N + 1) :=
Ein(t)

TBV
− cdegE(t) (5.4)

where Ein(t) is given by equation (4.28). The erythrocyte volume M(t) is included as
an algebraic state of the system

x(t, N + 2) := z(t, 1) := M(t) (5.5)

with the algebraic equation

0 = g(t, 1) := z(t, 1)−Q(M(t)). (5.6)

Here Q(M(t)) is a suitable quadrature formula for the approximation of M(t).

Following the approach of the method of lines ∂
∂µ
u(t, µ) will be substituted with a

discrete approximation. Let Dµ(x(t, i)) be a numerical scheme for the approximation
of ∂

∂µ
x(t, i) for i ∈ {0, 1, ..., N}. Then (4.30) is equivalent to

∂

∂t
x(t, i)− ∂

∂µ
x(t, i) = (β(µi)− α(µi, x(t, N + 1)))x(t, i)

⇔ f(i) := ẏ(t, i) = (β(µi)− α(µi, x(t, N + 1)))x(t, i)−Dµ(x(t, i)). (5.7)
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By use of a quadrature formula on the erythrocyte volume M(t) the feedback equation
(5.4) becomes an ODE. The equations (5.4), (5.6) and (5.7) are a DAE representation
of the original model equations (4.30). As

gz(t, 1) = 1 6= 0 (5.8)

the resulting DAE is of differentiability index 1. Therefore the treatment of this equa-
tion in VPLAN is possible.

5.1.2 Stepsizes, derivatives and quadrature formulas

After comparing and evaluating different approaches for step sizes, formulas for the
discrete derivative Dµ(x(t, i)) for each stage and quadrature formulas Q(M(t)) for
computation of the erythrocyte population the following configuration will be used for
simulations in VPLAN.

As forward differentiation formulas like explicit euler did not lead to convergence of
the simulation, a BDF according to Subsection 3.1.5 will be used. The highest order of
a BDF formula, which produced stable results, was k = 2. The BDF formula of order
2 is given by

Dµ(x(t, i)) =
α0yi + α1yi−1 + α2yi−2

µi − µi−1

(5.9)

for suitable coefficients αi and i ∈ {2, 3, ..., N}. As for i = 1 only information from one
previous step ”x(t, 0) = u(t, 0) = S0” is available, the BDF formula of order 1 will be
used here:

Dµ(x(t, 1)) =
α0y1 + α1S0

µ1 − µ0

(5.10)

For the first four cell stages, namely BFU-E, CFU-E, erythroblasts and reticulocytes,
an equidistant stepsize

µi − µi−1 =: hi = h := 0.05

for i ∈ {1, 2, ..., 400} will be used. The stability and convergence of a BDF formula of
order 2 with the coefficients

α0 = +
3

2
α1 = −2

α2 = +
1

2

and of the BDF formula of order 1 for the first state with coefficients

α0 = +
1

2

α1 = −1

2

are guaranteed by Theorems 3.17 and 3.20.

42



Patrick Lilienthal 5 Implementation in VPLAN

For the last cell stage of mature erythrocytes a quadrature formula Q(M(t)) for the
approximation of M(t) is needed. The quadrature interval [−1, 1] and the respective
quadrature points are mapped on intervals of length 1 of the cell age interval [20, 140].
Then the discretization in cell age is chosen such, that the differential states y(t, i) in
those intervals coincide with the quadrature points in the intervals. Let

µk,0 := 20 + k k ∈ {0, 1, ..., 119}

and

Ik := [µk,0, µk,0 + 1) k ∈ {0, 1, ..., 119}.

The erythrocyte population on Ik, denoted as

Mk(t) := U(t, µk,0, µk,0 + 1) k ∈ {0, 1, ..., 119}

is then computed using a quadrature formula

Mk(t) ≈
2∑
i=0

wiu(t, qk,i) k ∈ {0, 1, ..., 119}.

The overall erythrocyte population is obtained by summation over all Mk(t)

M(t) =
119∑
k=0

Mk(t).

For k ∈ {0, 1, ..., 119} the 3-step Gauss-Radau formula [SWP12, p.222] with the
mapped quadrature points

qk,0 := µk,0

qk,1 := µk,0 + 0.355051

qk,2 := µk,0 + 0.844949

and the quadrature weights

w0 =
1

9
≈ 0.111111

w1 =
1

36
(16 +

√
6) ≈ 0.512485

w2 =
1

36
(16−

√
6) ≈ 0.376403

is used. According to Theorem 3.18 for stability of the BDF method of order 2 on non-
equidistant grids the variations of the stepsizes have to be below a certain threshold.
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For k ∈ {1, ..., 119} the following stepsizes

hk,0 := qk,1 − qk,0 = 0.355051

hk,1 := qk,2 − qk,1 = 0.489849

hk,2 := (qk,0 + 1)− qk,2 = 0.155051

with the respective stepsize variations

hk,1
hk,0
≈ 1.3795 < 2.414

hk,2
hk,1
≈ 0.31653 < 2.414

hk+1,0

hk,2
≈ 2.2902 < 2.414 k 6= 119

are observed. Here the upper bound of the stepsize variation is satisfied and therefore
stability is guaranteed. For the interval I0 no quadrature points were defined. Using
the same approach as above could lead to stability issues of the BDF method of order
2, as for the transition at µ = 20 from h = 0.05 to h0,0 ≈ 0.355051 it holds:

h0,0

h
≈ 7.102 > 2.414

For the computation of M0 the trapezoid rule [Wal04, p.297] with the quadrature
formula

M0(t) ≈
3∑
i=0

h0,i
u(t, q0,i+1)− u(t, q0,i)

2

and the quadrature points

q0,0 := 20

q0,1 := 20.1

q0,2 := 20.3

q0,3 := 20.6

q0,4 := 21

is used. The stepsizes are

h0,0 = µ0,1 − µ0,0 = 0.1

h0,1 = µ0,2 − µ0,1 = 0.2

h0,2 = µ0,3 − µ0,2 = 0.3

h0,3 = µ1,0 − µ0,3 = 0.4
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with the resulting stepsize variations

h0,0

h
= 2 < 2.414

h0,1

h0,0

= 2 < 2.414

h0,2

h0,1

= 1.5 < 2.414

h0,3

h0,2

≈ 1.333 < 2.414

h1,0

h0,3

≈ 0.88775 < 2.414.

Here the upper bound on the stepsize variations is satisfied.

For the computation of the BDF constants α0, α1 and α2 for non-equidistant grids
(3.37) is used. The BDF constants for the 761 differential states for the discrete pop-
ulation densities are given in Table 5.1.

Table 5.1: BDF constants in the VPLAN implementation

State i hi hi−1 αi αi−1 αi−2

1 0.05 None 1 -1 0

2 - 400 0.05 0.05 1.5 -2 0.5

401 0.1 0.05 5
3

-3 4
3

402 0.2 0.1 5
3

-3 4
3

403 0.3 0.2 1.6 - 2.5 0.9

404 0.4 0.3 ≈ 1.571428 7
3

≈ 0.761904

405 0.355051 0.4 ≈ 1.470234 -1.887627 ≈ 0.417393

403 + 3k
k ∈ {0, 1, ..., 119} 0.489849 0.355051 ≈ 1.579772 ≈ -2.379658 ≈ 0.799887

404 + 3k
k ∈ {0, 1, ..., 119} 0.155051 0.489849 ≈ 1.240426 ≈ -1.316528 ≈ 0.076102

405 + 3k
k ∈ {0, 1, ..., 118} 0.355051 0.155051 ≈ 1.696039 ≈ -3.289898 ≈ 1.593859
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5.1.3 Including neocytolysis

For implementation of the Neocytolysis, which is the premature cell death of young
erythrocytes described in equation (4.24), two heaviside functions are needed: The first
function is needed for the decision, whether the inequality

E(t) < τE (5.11)

is true. The second function is needed for the computation of

min

(
cE

E(t)kE
, bE

)
. (5.12)

Equation (4.24) can be rewritten as

αm(µ,E(t)) = αm,0 + sw1(E(t)) ·
(
bE + sw2(E(t)) ·

(
cE

E(t)kE
− bE

))
(5.13)

where sw1 and sw2 are suitable implementations of the heaviside functions. Here the
tangens hyperbolicus is used for those transitions, as smooth functions for sw1 and sw2

are recommended.

If the function argument x is scaled with a scalar tol it holds

lim
tol→∞

tanh(tol · x) =


1 , x > 0

0 , x = 0

−1 , x < 0

. (5.14)

In our simulations tol = 108 is chosen, which is large enough, that the probability of
tol · x being exactly zero is rather low. Therefore the case x = 0 can be omitted. The
first function is defined as

sw1(E(t)) :=
1

2
(1− tanh ((tol) · (E(t)− τE))) (5.15)

≈

{
0 , E(t) > τE

1 , E(t) < τE
(5.16)

For the second function it is observed that

cE
E(t)kE

< bE (5.17)

is equivalent to
cE
bE

1
kE < E(t) (5.18)

We therefore define

Emin :=
cE
bE

1
kE (5.19)
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and the second function as

sw2(E(t)) :=
1

2
(1 + tanh ((tol) · (E(t)− Emin))) (5.20)

≈

{
1 , E(t) > Emin

0 , E(t) < Emin
(5.21)

During several simulations it was observed, that the usage of a smooth function like
tanh in the neocytolysis function leads to large errors in the simulations using VPLAN.
In the transitions between two cases the errors were particularly large. Therefore in
VPLAN the tanh-function was replaced by an if-clause. Although the use of the if-
clause leads to an evaluation of the neocytolysis without large errors, there were some
unresolved numerical issues during the integrations. If the time horizon in the inter-
gration was chosen about T = 700 or larger, the run times were multiplied by a factor
up to 100. Thus for our investigations no time horizon longer than T = 650 was used.

For further studies it is recommended that an alternative implementation will be used,
where smooth transitions and larger time horizons are possible.

5.2 Simulations in VPLAN

The implementation in VPLAN will be tested by a simulation to reach the steady state
of the system. The obtained steady state values and the system behavior are compared
to the results from subsection 4.2.1.

The initial values for the states x(0, i) for i ∈ {1, ..., 761} are chosen such, that the
population of each cell stage starts with 108 individuals, where the progenitor cells
BFU-E and CFU-E share one pool. Here the population of the BFU-E, CFU-E, ery-
throblasts and reticulocytes are computed using the trapezoid rule. The initial value
of the erythrocyte population x(0, 763) is obtained using the quadrature formula de-
scribed above. The model parameters are chosen according to Table 4.2, the system is
observed for t = 650 days. The initial value for the EPO level is x(0, 762) = E0 = 10
and the EPO feedback is used as described in equation (5.4). The results of the nu-
merical simulation can be seen in Figure 5.1.

In Figure 5.1 it can be seen, that the trajectory of the VPLAN simulation is very
similar to the trajectory of the FEniCS simulation. For each population a steady state
value is achieved, which is near the steady state values obtained in 4.2.1. A closer look
at the last 50 days of the simulation for the erythrocytes and the EPO level is given
in Figure 5.2

In Figure 5.2 it can be observed, that there are fluctuations until around 650 days,
where a steady state can be assumed. The equilibrium value of the VPLAN simulation
for the erythrocyte population M of 2.49898 · 1013 is around 0.36% higher than the
respective value of the FEniCS simulation of 2.50794 · 1013. The steady state value
of the FEniCS simulation for the EPO level E of about 10 is underestimated by 2%
by the EPO level of the VPLAN simulation of 9.8. Despite large efforts this accuracy
could not be further improved using an implementation in VPLAN.
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Figure 5.1: Steady state simulation using VPLAN in comparison to the FEniCS sim-
ulation given in Figure 4.2.1. The green dashed line marks the respective
steady state values of the FEniCS simulation.
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Figure 5.2: Extract of 5.1 showing the trajectory of the erythrocyte population and the
EPO level during the last 50 days of the simulation. The green dashed line
marks the respecitve steady state values of the FEniCS simulation.
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Using the data from this simulation a blood loss was simulated in VPLAN similar to
subsection 4.2.2. The blood loss of 450ml was simulated by scaling of the erythrocyte
population by 0.91:

p0(µi) = x̃(650, i) · 0.91 i ∈ {400, ..., 761} (5.22)

Here ˜x(650, .) is the steady state population density obtained in the simulation above.
The erythrocyte population M is also scaled by 0.91. Then a simulation of T = 150
days is done. The trajectories of the erythrocyte population and the EPO level of the
numerical simulation are given in Figure 5.3.
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Figure 5.3: Simulation of a blood loss of 450ml blood in VPLAN. The green dashed
line marks the respective values before the blood loss.

In Figure 5.3 it can be observed, that after the blood loss the initial level of the erythro-
cyte population is achieved after about 50 days. In comparision to the simulation done
in Subsection 4.2.2, seen in Figure 4.4, and literature values this is a delay of about
10 days. After the compensation of the blood loss at about t = 50 the EPO level and
the erythrocyte population are underestimated and overestimated, respecively, both
relative to the respective steady state value.

Overall it can be seen, that the model behavior of VPLAN simulation is similar to
the FEniCS simulation. However, the model dynamics are delayed. The time until a
steady state is archieved is longer and the compensation to a blood loss is too slow.
Especially the last point is crucial, as the feedback mechanism in response to a change
in the number of erythrocytes was the main focus of the thesis. This leads to the
conclusion, that using VPLAN and the modeling approach described above might not
be suitable for the simulation of the erythrocyte regeneration.
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6 Individualization of the model

Fuertinger’s model of the erythropoiesis described in section 4 was calibrated to a
generic subject of 75kg and 5000ml blood based on literature values. In this section
it is investigated how methods of algorithmic parameter estimation and optimum ex-
perimental design can be used to fit the model to other individuals. The focus of the
parameter estimation should lie on model parameters affecting the EPO controlled
feedback mechanism. The process of model improvement by algorithmic parameter
estimation consists of the following three essential steps:

1. Find a (good) initial configuration for necessary model parameters.

2. Design an optimal experiment for data acquisition.

3. Use the data obtained in the optimally designed experiment for reestimation of
model parameters.

Steps 2 and 3 can be repeated with the new estimates for the model parameters until
the quality of the model is sufficient or the model is neglegted.

6.1 Design of the experiment

For algorithmic parameter estimation a suitable experiment is formulated, in which the
regeneration of the erythrocyte volume M after a blood donation is observed. During
the experiment several measurements of blood values are done including the HCT and
the erythrocyte number per litre. Measurements of the individuals EPO concentration
seem to be technically challenging and are therefore omitted here. From the measured
values conclusions about the total erythrocyte population M are drawn.

Initially a blood donation of about 500ml blood is done. Using an estimation of the
TBV and an initial measurement of M an initial parameter estimation is done, where
initial values for the state vector x are obtained and some model parameters are es-
timated. Then about four to seven measurements distributed over the following six
weeks are done. For the measurement times an optimal experimental schedule for the
individual will be computed and used. The data obtained in this control measurements
will then be used for a final estimation of some model parameters. In this section only
one cycle of parameter estimation is considered.

6.1.1 Initial parameter estimation

The first step is to obtain a suitable initial model configuration for the individual.
Especially information about a steady state population p0, the total blood volume

51



6.1 Design of the experiment Patrick Lilienthal

TBV and the steady state erythrocyte population M are needed. This occures in
three steps:

1. Calculation of the individuals total blood volume TBV

2. Calculation of the steady state erythrocyte volume M̃

3. Parameter estimation to fit the erythrocyte volume M = M(650) after a simula-
tion time of T = 650 days to M̃ , using a simulation similar to section 5.2

In writing M̃ it is emphasized, that the obtained measurement values are disturbed
not only by measurement errors ε, but also by errors in the methods to calculate those
values.

Calculation of the total blood volume

Many precise methods for measurement of the TBV are very invasive and include the
use of radioactive materials. Therefore two non-invasive methods for estimation of the
TBV are proposed:

• Using Nadler’s formula [NHB62] for the computation of the TBV. The formula
uses the individuals body height Ht and the individuals weight Wt. An estima-
tion for the TBV is for male persons given by

TBV [ml] = 366.9 · (Ht[m])3 + 32.19 ·Wt[kg] + 604.1 (6.1)

and for female persons by

TBV [ml] = 356.1 · (Ht[m])3 + 33.08 ·Wt[kg] + 183.3 (6.2)

The formula seems to be precise for healthy persons with average values for Ht
and Wt. However, for example for obese persons [LBB06] this formula tends
to overestimate the total blood volume, as fat tissue does not contain the same
amount of blood as e.g. muscle tissue.

• A novel approach is to use the ratio of value HCTb before the blood donation and
a value HCTa after the blood donation. As the TBV is assumed to be constant
(see assumption 5), using the donated blood volume (DBV) one can obtain an
estimation for the TBV by

TBV [ml] =
DBV [ml]

1− HCTa
HCTb

(6.3)

This approach is not verified by medical studies. This should work if the assump-
tion 5 holds for the individual patient. However, in real person this might not
be true. In some cases the blood plasma needs a few days to regenerate after a
blood loss. Even without external influences there can be some fluctuations in
the HCT due to natural fluctuations of the blood plasma.
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Calculation of the total erythrocyte population

From initial measurements a value for the number of erythrocytes per liter before the
blood donation is available. Given the TBV an estimate for the total erythrocyte
population M can be calculated by

M̃ = Erythrocytes per liter · TBV [ml] · 1000 (6.4)

Setup for parameter estimation

For the parameter estimation the same settings as in the steady state simulation in
section 5.2 were used. Starting with implausible values for p0 a parameter estimation
over the simulation time t = 650 is done. The aim of the parameter estimation is to
minimize the squared residual between the simulated erythrocyte volume M(650; p) to
the disturbed erythrocyte population M̃ :

min
p

(
M̃ −M(650; p)

σ

)2

(6.5)

The standard deviation σ of the measurement is set to one, as it is not known. Model
parameters are set to the values of the generic individual described by table 4.2. One
parameter can be estimated, as only one measurement M is available.

An idea here is to assume, that the ratio between the growth and decay rates of the
population densities is the same independent on the individual and on the measured
values. Therefore a parameter pmult is defined, which is initialized as one and multiplied
to the growth rates βp, βq, βr and the decay rates αq, αs and αm. The parameter pmult
will then be estimated such, that it minimizes (6.5).

6.1.2 Optimally designed experiment

As the control measurements include an effort for the individual, the number of mea-
surements should be as small as possible. Therefore the aim of an optimal design for
this experiment is to determine the minimal number of measurement times, which are
necessary for the second parameter estimation. This number of measurements for up
to 4 parameters should lie between 4 and 10 according to (3.91).
As a confidence criterion φ(C) the largest-eigenvalue criterion (E-criterion) is used, as
here all entries of the covariance matrix C are considered.

The maximal number of measurements in VPLAN will be set to one, such that ω will
be interpreted as a probability density. This results in weights ωi > 0 at those time
points ti, which are optimal and necessary in terms of the E-criterion. Additionally,
this gives the actual number of measurements necessary for estimation of the parame-
ters. The computed weights will be used again for the parameter estimation. Allowed
measurement times could be at weekdays between 7am and 3pm, which are the open-
ing times of the laboratory, in which the measurements are performed. Additionally
time points can be excluded in which the patients are not available for measurements.
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The question which variables are used for parameter estimation will be answered in
subsection 6.1.4.

6.1.3 Conclusive parameter estimation

For the conclusive parameter estimation a blood loss simulation according to section
5.2 is done. For the solution of the parameter estimation problem a multiple shooting
approach according to subsection 3.2.2 is used. Let there be k+1 measurements ϑi :=
ϑ(τi) for the erythrocyte volume M(τi) obtained at observation times

0 = τ0 ≤ τ1 ≤ ... ≤ τk = T (6.6)

using an optimally designed experiment. The multiple shooting nodes are chosen equal
to the measurement times

τms,i := τi i ∈ {0, ..., k} (6.7)

The initial value s0 for the first initial value problem is given by the population density
p0 computed in the initial parameter estimation

s0 := p0 (6.8)

For the other k − 1 initial value problems no population density pi is known. For this
a blood loss will be simulated before the parameter estimation. Here values for the
erythrocyte population M̃i := M̃(τi) with the respective population density pi := pi(τi)
are obtained. It is assumed, that the population densities at time τi are plausible, if
the computed erythrocyte population M̃i is equal to the measured value ϑi. Therefore
the computed densities pi are scaled and used as initial value for the i-th initial value
problem:

si := pi ·
ϑi

M̃i

i ∈ {1, 2, ..., k − 1} (6.9)

6.1.4 Decision on model parameter

For the parameter estimation above still the decision has to be made, which variables
should become model parameters. For this it is first examined which model variables
can be estimated.

The initial parameter estimation from subsection 6.1.1 is repeated, where pmult is re-
placed by any parameter from table 4.2 except the total blood volume. The computed
standard deviations for the chosen parameters can be seen in table 6.1.
It can be seen that all standard deviations which values were computed are below 1
percent. This means, that those variables are in general estimable. For the other six
parameters no values were computed, as the simulation failed because of numerical
issues. As all the six variables are values in the neocytolysis function the errors might
occur because of the numerical issues mentioned in section 5.1.3.

During several tests it was observed, that using the approach presented in this section at
most four parameters can be estimated. The following configuration of four parameters
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Table 6.1: Standard deviations σi for model variables

Variable βp βq βr αs αm,0 a1 b1

σi 0.02% 0.01% 0.01% 0.17% 0.13% 0.02% 0.47%

Variable k1 c1 a3 b3 k3 c3 µneomax

σi 0.05% 0.14% 0.44% 0.02% 0.02% 0.11% no value

Variable µneomin bE cE kE τE cdeg S0
σi no value no value no value no value no value 0.11% 0.03%

was chosen for the parameter estimations done in this thesis:

• The variable k3 was chosen as the first parameter, as it is the most interesting
variable with respect to the disease PV. For PV patients the parameter k3 should
be very large, as the CFU-E apoptosis rate in PV patients should be low and not
be depending on the EPO level.

• The variable k1 is used, as it represents the influence of the total erythrocyte
number M on the EPO production.

• a1 and b1 define the lower and upper bound of the CFU-E apoptosis, respectively.
It is chosen over a3 and b3, because the CFU-E apoptosis has a more direct impact
on the system dynamics. Here one parameter ab1,mult is defined and used, which
is initialized as one and multiplied in front of a1 and b1.

• The EPO degeneration rate cdeg is used as a model parameter. This value should
be constant independent on the individual. However, using cdeg as a model pa-
rameter often was necessary to achieve convergence of the parameter estimation.
cdeg is included by a parameter cmult, which is set to one and multiplied in front
of cdeg.

It was observed, that chosing other combinations of four model parameters only in
rare cases lead to convergence. Without using cdeg as a model parameter even the
convergence of parameter estimations using three parameters was not guarantied. In
all those simulations

”
good “data points were used, which were lying near the expected

trajectory. Therefore the difficulties in the convergence of the parameter estimation
could further increase with increasing fluctuations in the data points.
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6.2 Results of the clinical study

Here a preliminary evaluation of the medical study of the Algorithmic Optimization
group of the Faculty of Mathematics and the Clinic for hematology and oncology at
the university hospital Magdeburg is done.

The subject group consisted of six male healthy individuals of body height 187.83 ±
10.17 cm and weight 88.16± 17.16 kg. All individuals had a blood donation of about
520ml blood. Then for each proband an optimal experimental scheme was computed,
which contained four times for the control measurement. Those optimal measurements
were complemented by three to five measurements, which were chosen intuitively. Al-
lowed were measurement times during the opening times of the medical lab, where
the measurements were done. Afterwards an algorithmic parameter estimation of the
parameter combination cdeg, k1, k3 and ab1,mult was done.

Values for the TBV were computed using the HCT ratio (6.3) or Nadler’s formula (6.1),
(6.2). The proband data including the donated blood volume and the computed TBV
is given in Table 6.2.

Table 6.2: Subject data of the medical study including the donated blood volume and
the computed TBV

Subject 01 02 03 06 08 09

Height [cm] 194 198 184 188 182 181
Weight [kg] 100 102 87 95 71 74
Donated blood volume [ml] 526 532 524 524 524 529
computed TBV [ml] 6838 5532 5385 6100 4590 5162

Measurements for the individuals total erythrocyte number were obtained by using
the measured value for the erythrocyte number per litre and multiplying it with the
computed TBV. The measurements for the total erythrocyte population are shown in
Figure 6.1.

In Figure 6.1 it can be seen, that the computed erythrocyte population does not re-
generate immediately after the blood donation. For this e.g. subject 06 can be viewed,
where the erythrocyte regeneration seems to begin three days after the blood dona-
tion. This could lead to the conclusion, that in our subjects the blood plasma does not
regenerate immediately after the blood donation. Therefore the model assumption 5
could be wrong.

It can also be observed, that especially in the first few days of the measurement there are
abrupt changes in the erythrocyte population. Here again subject 06 can be viewed,
where the value first strongly increases and then falls below the first measurement.
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Figure 6.1: Computed erythrocyte population based on data obtained in the medical
study
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Those variations often lead to problems using the HCT ratio formula (6.3) for compu-
tation of the TBV. In the example of subject 06 the computed TBV would be either
larger than 12000ml or lower than 4100ml, which both are implausible values. There-
fore often Nadler’s formula (6.1), (6.2) was used.

Overall it can be seen, that there are large fluctuations in the computed measurements
of all subjects except subject 06. The desired monotone growth of the erythrocyte
population after a blood loss, which can be seen in Figure 5.3, can not be found in the
measurements.

Using the implementation and methods described in sections 5 and 6 several parameter
estimations were started for each subject. Despite large efforts none of the simulations
converged. This includes parameter estimations of different combinations of three or
four parameters, where all measurements or only the optimal measurements were con-
sidered. One reason behind this could lie in the problems in obtaining and computing
the measurements, which are stated above.
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7 Conclusion

7.1 Summary of Results

In the approach of Fuertinger et al [FKT+13] a model suitable for the simulation of
erythropoiesis was found. However, the desired properties of the medical process were
only visible for an artificial individual. Deviations in model parameters, especially in
the TBV, lead to inplausible values for EPO, which substantially controls the produc-
tion of erythrocytes.
A model reformulation was found such that an implementation in VPLAN was possible.
During simulations one could see, that inaccuracies occured and the model dynamics
were delayed. Therefore the compensation to a blood loss was slower than expected.

An experiment for observation of the erythrocyte regeneration in individuals was de-
signed. Optimal experimental schedules were successfully computed, which had better
values in the confidene criterion φ(C) than intuitive experimental schedules. While
algorithmic parameter estimation using one or two parameter was possible, the pa-
rameter estimation of only a few combinations of three or more parameters in rare
cases converged. In practical experiments this is made harder by the fact, that the
necessary measurements could not be measured directly and could only be obtained
using imprecise calculation methods.
Summed up one could say that VPLAN using the derived implementation and the
designed experiments is not suitable for the individualization of the model.

7.2 Outlook

Some parts of the model of Fuertinger et al. are rather complex. For example the feed-
back by EPO is determined by the two highly nonlinear expressions (12) and (4.28).
This could motivate the use of another model of erythropoiesis. The delayed model
dynamics and numerical issues using the implementation in VPLAN might occur due
to the contraint of using DAE of differentiability index 1. By using DEAL.II [BHK07]
as an extention to VPLAN the implementation could be improved. Also the use of
alternative software might be more suitable for the modelling of erythropoiesis.

To increase the success rate of a medical study as in 6.2 the insecurities by the TBV
computation should be avoided. One method here is to use a more precise method
for the compuation of the TBV as e.g. the CO-rebreathing method [SP05]. Another
approach would be to reformulate the model such that the dependency on the total
erythrocyte number M is removed. Then the measured value for the erythrocyte
number per litre can directly be used as a measurement. Here the use of TBV would
be completely avoided.
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